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Contest 1 o October 27, 2008

Individual Questions

------------------------------------------------- (18 A 5 o =

INDIVIDUAL ROUND 1 — 15 MINUTES

I4.

Isosceles triangle AABE has an area of 100 square

inches and is cut by segment CD into an isosceles
trapezoid and a smaller isosceles triangle. The area of
the trapezoid is 75 square inches. If the altitude of D
AABE from A is 20 inches, what is the number of

inches in the length of CD .

A straight line has equation 4x+ y=8 . Find the coordinates of the points on the line
which are equidistant from the x—axis and the y—axis.

Find the number of points of intersection of the graphs of y= x* and y= P
+x

Find the area of the region between the
three tangent circles, each of radius 1.

Henry, Duke and Vinnie start on a walk at 3:00 PM and return by the same route
at 9:00 PM. If their speed is four miles per hour on level land, three miles per hour uphill,
and six miles per hour downhill, how far did they walk?
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1. Consider two adjacent squares as shown,
with sides 4 and 10. What is the area
of the shaded region?

T-3. Suppose the origin, (0,5), and (a,b) are three points on a
circle whose diameter is along the y-axis. Let L be the
line that passes through the origin and (a,b). If

a* +b*=16 and a>0 then find the slope of line L.

T4. Inright triangle, AABC, AD=AE and CF=CE as 7
shown. If ZDEF =x degrees, find the value of x.

T-5.  On the planet Omicron Beta Seven, there are as many days in a week as there are weeks
in a month. The number of months in a year is twice the number of days in a month. If
there are 1,250 days in an Omicron Beta Seven year, how many months are there in an
Omicron Beta Seven year?
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T-1. AABC and AADE are similar, so 2 2 = x =-2£ ‘
4 14 7
The area of AABC is ;—(4),\: =2x= % and the area of the shaded region 0
iy 16 -
g/
A 4 B 10 D

T-2. Weare given x’-8=7x-14. Factoring, we have (x— 2)(x2 +2x+ 4) =7(x-2)

Then, (x- 2)(x2 +2x - 3) <0 = (x-2)(x+3)(x-1)=<0. Since the left side is zero for

x =-3,12, consider values of x in the intervals, x<-3, -3=<x=<l, 1=sx<2, and x=22
We can then determine that the inequality holds for x<-3 and 1=x=<2

T-3. Let (a,b) be point A and draw AD L to the y-axis.
Then AADO is a right triangle with OD =%—b so that

5\ (5V
a’ +(5—b) =(§) . Subtracting a® +b* =16 from this

equation, we have:

5 25 , 25 16 i "A(a,b)
Sl B p e A i
b b+ 7 b 4 16 so that 5 /

16 (0,0)
Then a=4/16-b* =£ and the required ratio is e i
5° 12 3
5

T-4. Let LAED=p and LCEF=gq.
180-2A 180-2C

Then 18O=p+x+q=——2———+x+ >
Therefore, x=#= 92—0=45°

T-5. On Omicron Beta Seven, let D = number of days in a week. Then there are D weeks in a month,
so there are D* days in a month. The number of months in a year is 2D? and the number of
days inayearis DxD x2D*=2D* =1250. Therefore, D=5 and the number of months in a
year is 2D = 50.
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INDIVIDUAL ROUND 1 — 15 MINUTES

1. Inright triangle ABC, m£C = 90 and m£B = 40. If point D is on AB and if BD = BC, what
is m£LACD?

2. What are all values of n which satisfy
12 = 995 — 5(99)4(98) + 10(99)%(98)% — 10(99)%(98)° + 5(99)(98)" — 98”2

3. In convex quadrilateral ABCD, if the area of ACAD is 6, the area of ABAD is 8, and the
area of AABC is 10, what is the area of ADBC?

cut here
INDIVIDUAL ROUND 2 — 15 MINUTES

4. If 25! is the product of the first 25 positive integers, in how many zeroes does 25! terminate?

5. For what value of x does (3.21 —3.12)x = 9?

6. Ifaand c are rational, and ¥+cx?—5x+a = (x—c)(x—c)(x+ %), what are all possible values of a?
¢




[image: image6.jpg]Math Council of Western PA Sr High Math Leauge 2008 - 2009
SOLUTIONS TO INDIVIDUAL QUESTIONS

Contest #2 — November 17, 2008
Answers
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1. Three tennis balls are stacked in a cylinder that touches the stack on all
sides, on the top and on the bottom. Find the ratio of the volume of the
balls to the volume of the inside of the can.

T-2. A fair die is rolled three times. What is the probability that you get a [~
larger number on each successive roll? (In other words, the number on
the second roll is greater than the number on the first roll, and the
number on the third roll is greater than the number on the second roil.)

T-3. A treasure is located at a point along a straight road with towns A, B, C, and D on it in
that order. A map gives the following instructions for locating the treasure:

1
(1) Startattown A and go 5 of the way to C

(2) Then go 13 of the way to D.

1
(3) Then go 7 of the way to B, and dig for the treasure.

If AB =6 miles, BC = 8 miles and the treasure is buried midway between A and D, find
the distance from C to D.

I
-

T-5. Find all integer solutions of the equation xy—10(x + y)
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T-1.

Let r be the radius of a tennis ball. The volume of the three balls is VB = 3(§>nr3 =4,

When a die is rolled 3 times, there are (6)(6)(6) =216 possible outcomes. Ifa 1 is rolled first,

then there are 10 possible outcomes for the next two digits such that the third digit is greater than
the second, which is greater than the first (1-2-3, 1-2-4, 1-2-5, 1-2-6, 1-3-4, 1-3-5, 1-3-6, 1-4-5,
1-4-6, 1-5-6). Ifa 2 is rolled first, then there are 6 possible outcomes for the next two digits
where the digits increase. Ifa 3 is rolled first, there are 3 ways for the digits to increase and if a
4 is rolled first, there is 1 way for the digits to increase. So, there are a total of

y e . 2003
10 +6 + 3 +1 =20 total outcomes. Therefore the probability is 2654
T+ x
| et

- Z Pt Z £ X

< >

| "

AI 6 BI 8 lC X D

If the distance from C to D isx, the given data translates into the equation:
x+14 x¥T A (x +7

2 3 4\ 3

+ 1). Solving, we find that x = 6 miles.

I = 2x+5=|x+1|, for x=-1. There are 2 cases:

ee]
If x>-1, wehave 2x+5=2x+1 =x2-4 AND x>-1 = x>-1

If x<-1, wehave 2x+52-x-1 = 3x2-6 = x=2-2 = -2=x<-I
So, the complete solutionis -2=x<-1 OR x>-1

_10x+1_10x+1-100+100 10(x-10)+101 101

ST x-10 x-10 x-10
Since 101 is prime, y is an integer only when x-10==1 or =101

Then the integer solutions are: (-91, 9), (9, -91), (11, 111), (111, 11)
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INDIVIDUAL ROUND 1 — 15 MINUTES
1. 1f 125 is added to 100 and to 164, the results are squares of positive integers. For what positive
integer n will subtracting n from 100 and from 164 also result in squares of positive integers? -
2. Trapezoid T’s base-lengths are 8 and 18. If T's lower base angles are complementary, what
is the distance between the midpoints of T's upper and lower bases?
3. An equilateral triangle of perimeter 6 sits atop a square of perimeter 8, and the two share
a side in common. Line segments of length x connect the two vertices of the square that
aren’t also vertices of the triangle to the vertex of the triangle that isn’t also a vertex of the
square. What is the value of x?
cut here

------------------------------------------------------ cut here

INDIVIDUAL ROUND 2 — 15 MINUTES

4.

6.

What ordered pair of rational numbers (a,b) satisfies 910gmlé = 2f3by

Kepler’s Third Law of Motion states that the square of the number of Earth-years it takes
a planet to revolve about the sun is proportional to the cube of the planet’s distance from
the sun (where distance is the length of the semimajor axis of the planet’s elliptical orbit).
If the Earth’s distance from the sun is 9.3 x 107 miles, and Saturn’s distance from the sun is

8.9x 10% miles, then, to the nearest year, how many Earth-years will it take Saturn to make
one revolution about the sun?

What are all real values of x which satisfy |%:—f§] =
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Answers
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

Suppose that F(n) is a real-valued function whose domain is the set of positive integers
and that F(n) satisfies the following two properties:

(a) F(1)=23 and

(b) F(n+1)=8+3F(n) when n=1
It follows that there are constants p, g, and r suchthat F(n)=pq" —r for n=z1.
Find the value of p+g+r.

In the figure below, AABC is an isosceles right triangle

(with right angle C), CD I| AB, and BD=BA. D C
Find the degree measure of ZDBC.

For how many positive integers x does there exist a positive integer y such that

D =1n7

Three nested squares are shown in the figure.

Find the ratio of the area of the smallest square

to the area of the largest square. Express your 3
answer as a common fraction.

A car is placed on sale for 10% discount of invoice. The dealer wants to get rid of the
car so he further reduces the sale price by another 10%. If the reduced sale price is
$1620, what was the invoice price?
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T-1. pg-r=F(1)=23
Pt —r=F(2)=8+3F(1)=77
pg’ —r=F(3)=8+3F(2) =239

Solving each equation for r yields
2
pa-23=pg° -T7 = pg'-pg=54 = pglg-1)=54
pi* ~T1=pg° -239 = pg’-pg* =162 = pg’(g-1)=162
2
pg(g-1) 162

palg-1) 54
3p-23=9p-77 = p=9. Then from pg-r=F(1)=23, wehave 27-r=23 = r=4.

Then, g=3. Substituting this into pg-23 = pq2 -77 yields

T-2. Draw DF 1 AB and CE L AB.
Since AABC is an isosceles right triangle, ZABC=45°.
il D C
Further, DF =CE= EAB = EBD’
so ADFB is a 30-60-90 right triangle.
Therefore, m/DBC =45°-30° =15° X

Ay
xX+y

10x__10x-100+100 10(x~10)+100 -~ 100

*-10  x-10 _ x-10 x-10

=10 = xy=10x+10y = xy-10y=10x

y=

So, (x-10) must be a divisor of 100= 2252, Any (positive) divisor of 100 has the form 2™5" where
m, n € {O, 1, Z}A So there are (3)(3) =9 divisors of 100, and therefore there are 9 positive integers x

which satisfy the requirements of the problem. So, the required answer is 9.

T-4. From congruent triangles, we can see that EB=FC=3 4 @ a

and EG=HF =2. Then, BC =4+3="7 and the area of
square ABCD is49. Also, EF = )2+(4)2 =5, 4

EH=5-2=3, GH = 1] = /13 and the area of the |
2

smallest square is 13. The rauo of the area of the smallest square to

the area of the largest square is then 411—2- ’





