[image: image1.png]MCWP Senior High Mathematics League
Contest 1 October 15, 2007
Individual Questions

SRS o, 5 Wb 3§ - 3 -
INDIVIDUAL ROUND 1 — 15 MINUTES

I-1. In the given figure,

LABC = 90°, LCDB = 45°, LCAB =30° and AD=2.
Find the length BC Z

I-2. How many points do the graphs of 4x% - 9y =36 and x*-2x+ y2 =15
have in common?

I-3. How many occurrences of the digit 5 are there in the list of numbers,
1, 2, 3, 4, - - 1000 ?

S — ~-- CUT HERE S —

INDIVIDUAL ROUND 2 — 15 MINUTES

I-4. A drawer contains 64 socks. Each sock is one of 8 colors, and there are 8 socks of each
color. If the socks in the drawer are thoroughly mixed and you randomly choose two of
the socks, then what is the probability that these two socks will have the same color?

I-5. Suppose that AD BC, AC, and BD are line segments with
line AD parallel toline BC. If AD =3, BC =1, and the
distance from line AD to line BC is equal to 5, then what is the
sum of the areas of the two shaded triangles?

I-6. Let x and y be real numbers such that (x2 - y2 )(xz - 2xy+ y2) =3 and
x —y=1. Whatis the value of xy ?





[image: image2.png]SOLUTIONS TO INDIVIDUAL QUESTIONS

Contest #1, 2007-2008

4.

October 15, 2007
After the first sock is chosen, there are 63 socks left, 7 of which are
the same color as the first sock. Therefore, the probability is
7 1

639

I-1. Let x = BC. Since ADBC isa
c
45-45-90 right triangle, DB =
Since AABC isa 30-60-90 right
) N
triangle, and tan(30°) = ﬁ, ) £ - I-5.
we can determine that
1 BC BC x
— = tan(30°) = = = .
7m0 - 3p - b b " 7ex
Therefore, 2+ x = x4/3 and BC = x= .Ia\whn|~ln a\m|+~
I-2. The graphof 4x” -9y” = 36 is an hyperbola with vertices at
(-3,0) and (3,0). The graphof x? - 2x + y* = 15 isacircle of
radius 4 centered at (1,0), and therefore crossing the x-axis at
(-3,0) and (5,0). Itfollows that these graphs intersect at 3 points.
I-3. Consider each of the 1000 non-negative ::owo_.m _awm than 1000 asa

3-digit number: 0 = 000, 1 =001, 2 = 002, +, 999.

The two shaded triangles are similar.
Therefore the ratio of their altitudes is
equal to the ratio of the lengths of the 3
bases of the triangles. Let h be the X
altitude of the larger triangle. Then
5 — h is the altitude of the smaller
triangle.

Now, the sum of the areas is

SO+ ()5 -h) = B+ 2

But, from the similar triangles, we have

3o hopl
1 5-h° 4
. 5 15 5 25
—=—t == — =62
Then the sum of the areasis 4 + > 1 + 3 1 6.25

Then each digit (O through 9 } occurs an equal :E:ca_. of times. I-6.
Since the total number of resulting digits in the 3-digit numbers is

3 x 1000 = 3000, each digit occurs 300 times.

From the given information,

3= Aaw lwnv?n |m\€+wNv u?l.é?+wv?|.$~ =x+y
Therefore, 2x = (x+ y)+(x-y)=3+1=
2y =(x+y)-(x-y)=3-1=2.

It follows that x =2 and y = 1, so then xy = 2.

4, and
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-2. Let ABCD be arectangle and let P be a point inside the 2 4
rectangle. If PA =8, PB=4, and PD =7, then find the
length of PC. e
P
c D

T-3. In the sum below, the letter F equals zero, and the other letters represent the digits,
1,2,3,4,5, or 6, with each digit used exactly once. If the 2-digit integer AB is a prime
number, then what is the value of A + B ?

AB
+CD
EFG

T4. Suppose that ABCD is arectangle, and that E is a point on CD. p E c
Let x be the area of AAED, let y be the area of ABCE, and let z

be the area of AABE. If y2 = xz, what is the value of % ?

T-S. Let x and y be real numbers.

Find all pairs (x,y) such that the sum x + y, the product xy, and the quotient =
y
are all equal.
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T-1.

The number of real roots of x* + [x|= 10 is the same as the number of intersection points of the

graphs of y = |x| and y=10- x*. Isis easy to see that these two graphs intersect in exactly two
points. Therefore, the are exactly two real roots for the given equation.

Draw PR perpendicular to AB, and draw PS perpendicular to AD.

Let AR=x, BR=y, AS = u, and DS = v. The conditions of the Brd X A

problem imply that y2 +ut = PBZV =4% =16, “w

W+ x® = PA® =87 =64, and x* +v? = PD? = 7% - 49. (% S
Therefore, = b

PCY =y e = 16-u® +49-x% = 65 - (x* + u?)=65-64 =1.
Therefore, PC = 1.

Since AB is prime, B iseither 1 or 3. Also, A+ C =11, so E = 1. It follows that
B=3. Since D<6, then B_D <10,and A + C =10. We can then determine that A and
C mustbe 4 and 6 in some order. Since 63 is not prime, we have AB =43, and the sum of
the digits is 7.
Let a=DE, b=EC, and h = AD = BC.
Th L h 1bh d ! b)h peg b C
en,areax—?a,areay=?2 , an areaz=?(a+ ) . y
. 2 1 1 1 £ 1B
Since y“ = xz, we have (?bh) = (?ah)(—z—(a + b)h) 2
from which —!-bzh2 = l—a(a + b)h2 = b2 =4a’+ab.
4 4 A o+tb B
a\? a a\? a
Now divide through by b2 to get 1=(?) 7 = (-—) +(7)-1 =0.
. . . . a 1 +4
Solving this quadratic equation for ) we find: _—_—
Since the required root must be positive, we have DE _a -1+ -‘/_
EC b
From xy= X we see that y # 0, and if x # 0, then y2 =1 = y=-1 1.
y

If y=1,then x+ y=xy becomes x + 1 =x which has no solution.

If y=-1, then x+y==xy becomes x —1=-x, and x = —

Then the required ordered pair is (%,—1)
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CUT HERE

INDIVIDUAL. ROUND 1 — 15 MINUTES

1. What is the units’ digit of the product 99z, when it’s multiplied out?

2. The diameter of my car’s new tires was 26 inches. When wore down uniformly 1/4 inch,
the tires will need x% more revolutions to cover a given distance than when the tires were
new. To the nearest tenth, what is the value of x?

3. Of the 24 possible arrangements of the digits 9, 4, 3, and 2, how many represent a prime?

INDIVIDUAL ROUND 2 — 15 MINUTES

4. In a circle with both an inscribed and a circumscribed equilateral triangle, if the area of the
smaller of these two triangles is 12, what is the area of the larger?

5. What are two numbers which differ by 5 whose square roots add up to 57

6. If the coefficients of the cubic polynomial P are positive integers, for what value of k will
the graph of y = P(x) pass through (1,10), (3,k), and (10,1234)?
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Answers
1. 1 -2. 2.0 (Do *NOT* accept 2) 3.0
4. 48 5. 49 6. 58 = 1(3)°+2(3)2+3(3)+4
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Hat y. 99 = 7:-‘—72 = 3J11%.,. iS5 cloer 1o Hhe exact Jalue #an
s 99,(3 1 = 3/0. Fé Therefors 99T 2 311, slightly , 0> the
un‘-b' digil 4a LTJ
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‘4) Smu'gt AL G
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-Ike N0 (sll—pk=l

$> ‘{(tL) -
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He Sepuace oty AoS" o) 02\ to ks.! Mere ﬂx‘”‘““bl me
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6) PCx) = oyl bx Cxt d, whem ap c,d are posifivi inty.

) ?()g a+)jo-tc+é =10 /P(w) ‘0004#!@51-\0:*-3‘ 1234, 3‘6
c,uq{-sonAMh 1o .,.ahnua laecds. Thestors a= 1, |. 2,
C=3,424 areony “2 S8 (nHis intervel for which PUB) = 1234,
quuf, \’C’s)_ 2%+ 200 3Dy = B9,
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1 A circle with center A and radius 7 is tangent to the sides of
an angle of 60°. A larger circle with center B is tangent to the
sides of the angle and to the first circle. Find the radius of the
larger circle.

T-2. A square is partitioned into four-congruent smaller squares by tines -
parallel to its sides. A nonzero digit is to be written in each smaller
square, so that we get four two-digit numbers — two when you read
across from left to right and two when you read down from top to
bottom. The sum of these four two-digit numbers is 67.

What are the four digits inscribed in the smaller squares?

T-3. An equilateral triangle is inscribed in a square. If each side of the
square measures 1 inch, find the length of a side of the equilateral
triangle.

T4. How many positive integers less than 1000 have the sum of their digits equal to 6 ?

T-5. A grocer weighed four pieces of fruit: alemon, a pear, an apple, and a grapefruit. The
following observations were made:

(a) the lemon weighed more than the pear,

(b) the combined weight of the pear and the apple was greater than the combined weight
of the lemon and the grapefruit, and

(¢) the combined weight of the lemon and the pear was equal to the combined weight of
the apple and the grapefruit.

List the four fruits in order of weight from heaviest to lightest.
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T-1

Note that AADE and ABCE are similar 30°-60°-90° triangles.
Then since AD = 7, we have EA =14. Then if ¥ is the radius of the
larger circle, we have the proportion,

x 7 1
- oL and x=21
2+x 14 2% »
‘.

T2

For a sum of 67, we can’t have more than 1 number beginning with 2. Consider having

2 numbers beginning with a 2. Then we’d have something like this, for which the sum of

the four numbers is greater than 67. Now consider having only one 2 in the grid.

il 2\ Then we’d have 12+(10+x)+11+(20+x) =67 = 53+2x=67, sothat x =7.
1!

1ix

]
X | Therefore the numbers could be arranged llii or ‘ 1.1
7l 2,7

T-3.

By the hypotenuse~leg theorem, we see that ADCF = ADAE. Therefore,
CF = AE. Let a be the length of one side of the equilateral triangle and let C F 2
FB = BE = x. Then CF = AE = (1 - x). By the Pythagorean Theorem, in

ADAE, a® =1+ (1-x). In AFBE, a* = x* + x* =2x2,sox=%. & |z
2 !

Substituting this into the first equation, we have £

2 2
a2=1+(1-x)2=1+(1—i) =1+1—1/2_a+a7 which yields

2

az +2w/2_a—4 = 0. Solving, we have a = ﬂ—zizﬂi= —\/2_1 w/6_

r | A

Since a>0, a =6 ~ 2 OR EQUIVALENTLY, 242 -3

T4

Look for a pattern. Of the numbers from 1 to 99, seven numbers have this property —

6, 15,24, 33, 42,51, 60. Of the numbers from 100 to 199, six numbers have this property — 105, 114,
123,132, 141 150. ‘Of the numbers from 200 to 299, five have this property — 204, 213, 222, 231, 240.
Followmg this pattern, there will be 4 numbers in the 300’s, 3 numbers in the 400’s, 2 numbers in the
500’s and 1 number in the 600’s that fit this criteria. Therefore the required solution is
T+6+5+4+3+2+1=28.

Let the weights of the fruits be represented by the letters, A, G, L, and P. Lp GA
We know that L > P. Consider a balance scale which will balance with
G and A on one side and L and P on the other side, like this: A

e\

We are told that (P+ A )> (L +G). If we think of this as switching
the positions of the lemon and apple, the balance will look like this. p®
So, we can conclude that A>1L.

Alternatively, we can think of this as switching the locations of the pear
and the grapefruit, and the balance will then look like this. {g
So, we can conclude that P> G.

Put these two results together with the given information that L > P, »
and we have: A>L>P>G A




[image: image9.png]MCWP Senior High Mathematics League
Contest #3 INDIVIDUAL QUESTIONS  December 10, 2007

CUT HERE

INDIVIDUAL ROUND 1 — 15 MINUTES

‘1. A closed curve is drawn in a plane so that each point on the curve is 1 unit outside a 3x 4
rectangle. What is the area of the region in the plane that's enclosed by this curve?

2. Of the first 1200 positive integers, how many are divisible by neither 3 nor 4?7

3. How many teams are in a competition in which each match pits 2 teams against each other
if it takes 105 matches for every team to play against every other team exactly once?

INDIVIDUAL ROUND 2 — 15 MINUTES

4. A cubical solid is cut into 27 smaller cubical solids, as shown at the
right. This can be done in as few as 6 slices by cutting through more
than one piece at a time. For safety, pieces may be moved before or
after (but not during) each slice. What is the least number of slices
that are needed to cut a cubical solid into 64 smaller cubical solids?

5. In an equilateral triangle with both an inscribed and a circumscribed circle, if the area of
the larger of these two circles is 60, what is the area of the smaller?

6. My truck’s tires have a diameter of 2.5 feet. What is my truck’s speed, in miles per hour,
when its wheels turn 600 times per minute?
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Answers
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1. Inacircle the arcs AB, BC, and CD are equal and each less than a half circle.
Given that the measure of ZCEB = 40°, find the measure of £DCA in degrees.

T-2. The equilateral triangle, APOR, is inscribed in the equilateral triangle, A

AABC , as shown, with PQJ.E.
Find the ratio of the area of APQR to the area of AABC. Q

T-3. Five points on a circle are numbered 1, 2, 3, 4, and 5 in clockwise order as shown. t
A bug jumps in a counterclockwise direction from one point to another around the
circle. If it is on an odd-numbered point, it moves two points, and if it is on an 2
even-numbered point, it moves one point. If the bug begins on point 1, after 2007
jumps, what numbered point will it land on?

T4, The area of the shaded rectangle R, is 1 sq.in.
Find the area of the shaded region R,.

T-5. Nine labeled squares are arranged as shown. If square A
has an area of 1 in®, and square B has an area of /
81 in’, then what is the area in square inches of square 7 ?

E
c
4 F o
Bl g
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T-1.

)

1 o

Refer to the diagram. We know that —[BC - AD] = £BEC = 40°,

AD BC 80°. But, since the arcs AB, ﬁ?:, and 6]5 are all equal, we e can
see that AD = 360° - 3(BC). Therefore, AD = BC - 80° = 360° - 3(BC) A

and arc BC =110°. But, we also know that LACD = L(@

2 ’ c vo
Substituting, we have

(BC - 80°)——(110° 80°) = 15°

(3]

)

1~ 1
LDCA = —(AD) = —
CA 2( ) 5

The area of an equilateral triangle with side s is given by

By computing the angles, we see that we have three 30°—60°-90° triangles —
AARQ, ACQP, and APBR. By the Hypotenuse - Angle Theorem, these 3
triangles are congruent. Let a = PC = QA = RB, then CQ = AR = BP =2a.
Then the length of one side of the inscribed triangle is a-\/3— , and the length of one
side of the larger triangle is 3a. Therefore, the areas are in the ratio of the squares

The problem states that the bug moves counterclockwise. Therefore, if it starts at 1, on the first jump it moves
to 4, then to 3, then to 1, and then repeats this pattern. Therefore if the number of jumps, n, 1

is a multiple of 3, the bug will be on the 1 after the n-th jump. .

Since 2007 = 3(669), after 2007 jumps, the bug will be on the 1. Z

The area of R| = ab, and the area of R, = c¢d.
We notice similar triangles, ACHO ~ AOEA.

Then ab = cd = 1, and the area of region R, =1

C
Therefore, the corresponding sides are proportional and L2 =<
d a 32
H
c
D

This is just a matter of carefully determining the lengths of the sides of the
squares beginning with the given information. Square A has side 1, square B
has side 9, so square G h as side 8, then square F has side 7, then square C has
side 10, then square E has side 4, then square D has side 14, and then square I
has side 18.

The length of square I is 18, so the area of square 7 is 324 square inches.
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CUT HERE

INDIVIDUAL ROUND 1 — 15 MINUTES

_1. | first drove 16 km at 48 km/hr, then | drove 20 km at 40 km/hy, and finally | drove 24 km
at 36 km/hr. What was my average speed, in km/hr, for the entire trip?

2. How many different triangles have vertices selected from the seven points (-4,0), (-2.,0),
(0.0}, {2.0), (4,0), (0.2), and (0,4)?

3. Three circular cylinders are strapped together as
shown at the right. The cross-section of each cylin-
der is a circle of radius 1. Presuming that the strap
used to bind the cylinders together has no thickness
and no extra length, how long is the binding strap?

INDIVIDUAL ROUND 2 — 15 MINUTES

4. Express, as a fraction in lowest terms, the sum
1, 1,1

1 1
Tx2 T 3x3 7 3x3 +

1 1
oot G Tt B

5. Randomly select one of the 900 three-digit numbers in {100, 101, ..., 998, 999}. What is
the probability that the number selected is a perfect square?

6. What are the coordinates of the reflection of (6,0) across the graph of y = 3x?
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Answers
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TEAM QUESTIONS

T-3. A pentagon is formed by cutting a triangular corner from
a rectangular piece of paper, as shown. The five sides of
the pentagon have lengths 13, 19, 20, 25 and 31,
although this is not their order around the pentagon.
What is the area of the pentagon?

NOTE: The diagram is not to scale.

T4. A digitis placed in each empty square in the grid below so that
each row contains each of the digits 1, 2, 3, 4, 5, and each S|4
column contains each of the digits, 1, 2, 3,4, 5. What digit must | 1}
be placed in the square at the bottom right comer of the grid?

and circumscribed square EFGH is 108. H NG G

D
What is the radius of the circle? /
&
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T-1. Since 6, - 9, x is an arithmetic sequence, the common difference is —15 so x = =9 + (-15) = -24.
Then since -9, —24, y is a geometric sequence, the common ratio is % = -g—-, S0 y= (—24)(%) =-64.

So, x =-24 and y=-64.

T-2. This is simply a problem of visualization. Choice E is the only one that cannot be folded into a
cube, since when folded, the two shaded squares would overlap.

T-3. The triangular piece that was removed is a right triangle. Consider
possible right triangles with integer sides. We can see that if this is a
5-12-13 right triangle, the given numbers fit around the pentagon
as shown. The area of the triangle removed is (.5)(12)(5) = 30.

The area of the original rectangle is (25)(31) = 775. So, the area of 25
the pentagon is 775 - 30 = 745 square units.

T-4. For discussion, let (4,2) designate the location row 4, column 2, etc. ¢
(More than 1 routine may be followed to achieve the required answer.) i 514
We see the row 3 needs the numbers 1, 2, and 4. 1
The 4 must be at (3,1). i 513
Column 1 then needs the numbers 3 and 5. =
The 3 must be at (1,1) so the 5 is at (5,1). 2 301
Column 3 then needs the numbers 1 and 2.
The 2 must be at (2,3) so the 1 is at (5,3).
Row 1 now needs the numbers 1 and 2.
The 2 must be at (1,4) so the 1 is at (1,5).
Column 4 now needs the numbers 4 and 5. The 4 must be at (5,4) so the 5 is at (2,4).
Row 5 now needs the numbers 2 and 3. The 2 must be at (5,2) so the 3 is at (5,5),
and the number in the bottom right comer is a 3.

T-5. Because we are working with squares, we see that H G
1
(—)AB= LA AB=—2r—=r\/2_.

2 2 V2
We can also see that EF = 2r.
Since the sum of the areas of the squares is 108, we have

2
(r2) +(2r)? =108 = 2r244r 108 = s -18

and r = 3-\/2_

> | \o

ry2
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CUT HERE

INDIVIDUAL ROUND 1 — 15 MINUTES

1. Write the three three-digit perfect squares which, when taken together, use every non-zero
digit exactly once.

2. Seven circular cylinders are strapped together as
shown at the right. The cross-section of each cylin-
der is a circle of radius 1. Presuming that the strap
nsed to bind the cylinders together has no thickness
and no extra length, how long is the binding strap?

PP

T, simplify to ** for all real n?

3. K x # 0is real, then, for what value of k does

;]zllleVIDUAL ROUND 2 =~ 15 MINUTES

4. In the diagram at the right, the Semicircle’s diameter
has a length of 1. If the area of the semicircle is Tl £imeg
that of the right triangle, what is the measure of the
triangle’s smaller acute angle (to the nearest degree)?

5. What are all values of x for which (x)? — 7x! + 6 = 0, where x! represents x factorial?

6. Write a list, in increasing size order, of every four-digit number greater than 1000 which
has four different digits. What is the 111th entry on this list?




[image: image18.png]Math Council of Western PA Sr High Math Leauge 2007 - 2008
SOLUTIONS TO INDIVIDUAL QUESTIONS

Contest #5 — February 4, 2008
Answers
1. 361, 529, 784 2 1242x 3 -2
4 26 0r 26° 50,13 6. 1297

1) Here ace alt 3-digt Squores uhose degitsare aly iPferet -
169,19%, 156,259, 524,361, 529 575, 625, 729, 189, 5¢/, 361

© ) leu\ﬁ‘\"ﬂ pecimof h8m3m+ circumf of 0*

= L(L)f 27] '—=’.

*each Gee 0 & ‘O‘QFC, 00 sinof fhem when
teir lcna-h areadded, will %..Hu Circunterence |

N+ N LY 1 —
2 X" G - X ’

e I
) }“‘iﬂz Lbh= l(‘ MO X(038) 5 Aka of semicnle = Trt, T
. L ot ~°F
sind Avia S'tn\.c.m,(t s 11'0-4.\ of A)
setrs e‘b“‘“’(‘“ —lsan‘*m&
4 ' 0 ; w LImBwD = 5m 20 = X ,op w,ﬁltﬁn,l—;e’j_ﬁ“-‘ %‘-'

9.
5) VK 4= Gl=e)& - ) =
=L x!ss
k> 3  x=o, %43

€) The least sudh number (023 Huw many Aumbes beg,(.\ 1022 7 well,

loa® has ?w‘ph chosse ‘@’ ahd 7% chogse " 3 S6 Sudh huabea
begyin Lk, 1022 ] N Coudt 120391299 | So . 3ofar . The, the
utk C«‘f‘j “ ll7-97| M





[image: image19.png]MCWP Senior High Mathematics League

Contest #5 February 4, 2008
TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1. Let ABCD be arectangle and let P bea B A
point inside the rectangle. If
PA=8, PB=4, and PD=17,
find the length PC.
P

Cc D

T-2.  Find all possible first terms of the geometric sequence if the sum and the product of its
first three terms are equal to 63 and 1728, respectively.
EERTNPI S S 14

T-3. In the figure shown, OAB and ODC are sectors o_f_t_wo
concentric circles centered at O. The length of OD is one B

third the length of OA. What is the ratio of the area of the
region ABCD to the area of the sector OCD ?

T4. A company sells peanut butter in cylindrical jars. Marketing research suggests that using
wider jars will increase sales. If the diameter of the jar is increased by 25% without
altering the volume, by what percent must the height be decreased?

TS5 If x+y=1 and x4 y2 = 4, what is the value of x° + y3 ?
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B R A

T-1.  Drop a perpendicular from P to side AB and call the intersection point 14 x
R

Set AR=x and BR=y. Similarly, drop a perpendicular from P to 4)
AD and call the intersection point S. Set AS=u, and DS =v.
Then y? +u? = PB® =16, u®+x® = PA® = 64,

and x* +v? = PD? =49, The required length is PC, and P S
PC? = y2 +v2 Now, if we add the 3 equations above, we have, 7
y2 +vhe2x? +24% = 129. Since #® + x° = 64, we have
yrevia128= 129, so that y2 +% = |. Therefore, PC =1.

T-2. Let a be the first term and r be the ratio of the sequence. Then a + ar + ar® = 63 and (ar)3 =1728. Then
2
ar =12, andso a+12 + —l-— =63, which leads to the equation, e’ —5la+144 = 0. Solving we have,
a

(a-48)a-3) =0, andthe solutionsare @ =48 and a=3. So r = %= i— or r=-13£=4.
So, the possible first terms are @ =3 or a = 48.
T-3. Refer to the labeled diagram. The area of sector OAB is (%)(n)(OAz)
; 2 2
and the area of sector ODC is (-3?0-)( n)(OD )
B

(%)(n)(m’ -op?)

T c
(3OD)* -(op?) 9_,

Since OA = 3(OD) this ratio becomes - =8
op? 1

The required ratio is then

T-4. The volume of the original jaris V = urzh,, where r is the radius and #; is the original height.

2 2
Increase the radius by 25% to obtain V = n(r + %—r) hy = n(%r) hy = (215: )r zhz,

25 16
e )rlhz, so that &, -(-1?)112 and hy = (E)hl = (64%)h, .

Therefore, the height would need to be reduced by 36%.

Then we need to have nrzh, = (

T-5. Squaring the first equation, we have (x + y)2 =12 = x4 2xy+y? =1,
Subtracting the second equation from this result we have, 2xy = -3. Then, xy = 5

Cubing both sides of the first equation, we have 1° = (x+ y)3 =43yt vy = P s ¥+ 3xy(x + y).
1

Solving for x* +y°, wehave x> + y = (x+ y)3 -3x(x+y)=1- 3(_2—3)(1) =1+ 12—
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INDIVIDUAL ROUND 1 — 15 MINUTES

1. If the area of a circle’s inscribed square is 60, what is the area of its circumscribed square?

2. What are all values of x for which log,vx+12 > 1?

3. Determine the units’ digit of thesum 0! + 1! + 21 + ... + n! + ... + 20

INDIVIDUAL ROUND 2 — 15 MINUTES

4. What is the area of a trapezoid the lengths of whose bases are 10 and 16 and the lengths
of whose legs are 8 and 107

5. A diagonal of a square intersects a segment that connects
one vertex of the square to the midpoint of an opposite
side, as shown. If the length of the shorter section of the
diagonal is 2, what is the area of the square?

6. What real value of x satisfies v5x — v2x =5-27
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1. A car dealer sold two quality used cars for $9999 each. On one she made a 10% profit, and on the
other she had a 10% loss. What was her overall profit or loss for the two transactions combined ?

T-2.  Some cookies had been eaten, without Mrs. Brown’s permission, by one or more of her five
children. When questioned, they gave the following answers:
Alan: One of us ate the cookies.
Betty: Two of us ate the cookies.
Charles: Three of us ate the cookies.
Dee: Four of us ate the cookies.
Earl: All of us ate the cookies.

Mrs. Brown knew from the past behavior of her children that the guilty ones lied while the others
told the truth. What was the number of children who ate the cookies?

T-3.  Inthe diagram shown, the area of the letter L is equal to the area of the
triangle. If the base and height of the L are both 1, then what is the
length x of the ends of the L?

T-4. Twocircles with centers O; and 0O, and radii of lengths 30 and 10,

respectively, are tangent to each other and to a line as shown. Find the <73
area of the shaded region bounded by the two circles and the line. @

T-5. One gear turns 33 —;— times per minute. Another gear turns 45 times per minute. Initially, a mark

on each gear is pointing due north. After how many seconds will the two gears next have both their
marks pointing due north?
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T-1.

Let the dealer cost of the vehicles be C; and C,. Then the one sold at a 10% profit was sold at a price of
{L.1)Cy = $9,999 and the one sold at a 10% loss was sold at a price of (09)C, =$9,999. So, C; = $9,090
and Cp = $11,110. Total revenue minus total cost yields (2)(9999) - (9050 + 11110) = -202.

Therefore, there is an overall $202 loss on the two transactions.

The number of children who ate the cookies must equal the number of liars. Since only one of the 5 statements
can be true, there must be 4 liars. Therefore, 4 of the children ate the cookies.

Let x be the thickness of the L. Then the legs of the triangle each have length X 1-x

(1 —x). The area of the square containing the L is I. We can see that the 2

triangles in the diagram have equal areas. Since a triangle and the L-shape must

have equal areas, the area of the triangle must be 1/3. 1-x
1 -

Then, for the area of a triangle, we have, %(1 -x)f1-x)= %,

sothat(l—x)2=%=> 1-x=£=> x=1__.'\3E_ 1 X

Draw radii from the center of each circle perpendicular to the line.
We see that AC = 20, CD = 10, and AB = 40. Therefore, AABC is a 30°-60°-90°

triangle, so that DE = 20'\/3_ ,and m/DAB=60° and mZABE =120°. The
required area is the area of quadrilateral ABED minus the area of the 2 sectors of

circles A and B: (20437)( 30+ 10) - (ﬂ-)(u)(m2 )- (1—2-0—)(u)(102)

2 360 360

- 4001/3_—(%n)(302 +2{10%)) = 40045 - “%O“ - 40043 - 55;)"

. The correct answer is 36 seconds.

o3 L
Gear 1 has 1 revolution in Eo—mmutes, or 1 revolution in (%)60 = —2—= ?— seconds.
Gear 2 has 1 revolution in L minutes, or 1 revolution in 1—)60 -4 xn seconds
45 ’ 45 3715 '
27)(20 20)(27
Gear 1 has 20 revs in (_l)g—)= 36 seconds, and Gear 2 has 27 revs in % = 36 seconds.
To see that 36 is minimal, we want N revolutions for Gear 1 and M revolutions for Gear 2 such that

?—ZN = %;—M. Since 27 and 20 are relatively prime, N =20, and M = 27,
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INDIVIDUAL QUESTIONS

Given that x>0, Solve for x in the equation lo B +3log (16x)=7
g4 x

Two intersecting circles each have radius 6, and the

distance between the centers of the circles is 6-\/5 .
Find the area of the region that lies inside both circles.

Given the polynomial identity x°+1= (x2 + l)(x2 +ax+ 1)(x2 +bx+ 1),
find the value of ab.

How many different real-valued pairs (x,y) satisfy the system of two equations,

| x-y[=1

X

y

For how many integers, m, with 10=m <100, is m?+m-90 divisible by 17?

The vertices of trapezoid ABCD have coordinates A(-1,3), B(9,3), C(6,7), and D(3,7),
and the point E has coordinates E(4,5). A line through E

intersects AB atpoint F and CD at point G. Find the area of D
trapezoid AFGD. @
B
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I-1. First rewrite the equation using the properties of logs to get

1\ 4 2 2
(5)(-3405;4 x) + 3(logx 16+ logx x) = glog4 X+ SIng 16+3 logx x = 510g4x+ 3 logx 16+31)=7

log, 16 2

So, %log4 x+3 log‘r 16 =4. Now change the base of the logx 16 to get: log 16= log4 * " Tog, o

so the equation then becomes

zlog4x+ =6 = (log4x)2—6(log4x)+9=0.

3 =4 = log4x+

_6
Iog4x log4x

2
Then factor to get ((log4x)—3) =0 So, log, x=3 and x=4" =64

I-2. Draw segment AB connecting the points where the 2 circles intersect. Also
draw the segment OP connecting the centers of the circles. AB and OP
intersect at C. Then OC =343, and OA~= 6. So,

LAOC =30° LAOB=60°, and AC =3. Therefore, AAOB is an
equilateral triangle.

Now the area of the sector AOB is %n(@z =6m.

The area of AAOB is —( )(3‘\/?:) =943.

So, the area that lies inside both circles then is 2(6n - 9-\/5) =12n- 18-\/5

I-3.  Partially expanding, we have, (x2 + 1)(x2 +ax+ l)(xz +bx + 1) = (x4 +ac + 2% rax+ 1)():2 +bx+ 1).
Without expanding completely, we can see that the x? term will be (ab+ 3)x2. Since ab+3 must be zero,
we conclude that ab=-3.

I-4. From the second equation, we get x = xy2 = x(l— y2)= 0 = x=0 or y==l. Substituting x =0, in the
first equation, we get the solutions, (0,1) and (0,~1). Substituting y = 1 into the first equation, we get the
solutions, (0,1) and (2,1). Finally, substituting y = -1 into the first equation, we get the solutions,

(0-1) and (-2,-1). Therefore, the system has four distinct solutions: (0,1), (0,-1), (2,1), and (-2,-1)

I5.  Since m” +m—-90=(m—9)(m +10), we can see that 17 must divide either (m-9) or (m+10).

The values of m, with 10 = x < 100, such that 17 divides (m - 9) are 26, 43, 60, 77, and 94.
The values of m, with 10 = x = 100, such that 17 divides (m + 10) are 24, 41, 58, 75, and 92.
Therefore the required answer is 10,

I-6. The area of trapezoid AFGD is given by DG; AF (h) = DG; AF {4) =2(DG + AF). Let the coordinates of G

and F be G(xl,7) and F(x2,3). Using slope of the line GEF', we have
7-5  3-
i sz © that 2(x2 —4)= —Z(x1 —4) so that 2x, +2x, =16. Then the DG C

arleais 2(;G+AF)=2[(xl—3)+(x2+1)]=2(x| +x,-2]=2(8-2) = 12 ﬂ
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TEAM QUESTIONS

Two perpendicular lines, intersecting at the center of a circle of
radius 1, divide the circle into four parts. A smaller circle is
inscribed in one of those parts as shown. What is the radius of the
smaller circle? \

If N is the smallest positive integer such that the remainder when NV is divided by 5
is 2, the remainder when N is divided by 7 is 3, and the remainder when N is
divided by 9 is 4, then what is the sum of the digits of N ?

In the figure shown, LABC and /BDA are both right B
angles. If v+w=35 and x+ y=37, then what is the
value of y? vl X
C D A
X

A drawer contains 5 socks — 2 red ones and 3 blue ones. Socks are taken out of the
drawer successively, without replacement. What is the probability that the 4th sock taken
from the drawer is a blue one?

Suppose m and n are positive integers with mn =40,000. Suppose further that
neither m nor n is divisible by 10. What is the value of m +n?

The triangle-like shape in the diagram is formed by 6 identical
close-packed circles. If the height of the shape is 2, then what is
the radius of each circle?

A right triangle with integer side lengths a, b, and ¢ satisfies

a<b<c and a+c=49.
What is the area of the right triangle?

In the figure shown, two perpendicular lines intersect at the
center of three concentric circles. Each shaded region in the
figure has the same area. If the smallest circle has radius 1, then
what is the product of the 3 radii ?
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T-1. Let x denote the radius of the smaller circle. Then the figure has lengths as L . J
marked. It follows that - .
xt+x? =(1—x)2 = x’4+2x-1=0 = x=z2-1
Since x>0, we obtain x=\f2_—1
T-2. Since N divided by 5 gives a remainder of 2, we have N =5g+2 for some integer q, which is the integer part

of the quotient when dividing N by 5. Then, 2N +1=10g+5 =5(2g+1) sothat5 divides 2N +1.

Similarly, we can show that 2N +1 is also divisible by both 7 and 9. We conclude that 2N +1 is divisible by
5:7-9=315. Therefore, 2N +1=2 315, which implies that N =157. Since 157 satisfies the conditions in the
problem, N =157 and the sum of the digits is 13.

T-3. Observe that by the Pythagorean Theorem, wh+ vl =il Also, vw=xy as
each of these expressions is equal to twice the area of AABC. Therefore, B
352 =(v-irw)2 V+2owrwl=x? 4 2xy- (x+y)2 -y =372 52 ’
Then, y* = 37% =357 =(37 - 35)(37+ 35) =2(72) = 144. Itfollows that y =12 Yoy
o/ 5 A
x !
T-4. The number of possibilities for drawing four socks out of the five is 5-4-3-2=120. To get the number of
possibilities for drawing a blue on the 4th draw, work backwards. There are 3 choices for this biue, then 4-3-2
for the other 3 draws. So there are 3-4-3-2=72 possibilities for drawing a blue on the 4th draw. Then the
probability for drawing a blue on the 4th draw is 17720-= %
T-5. Note that 40000 = 4(104) =2%". Since mn=2°5* and neither m nor n is divisible by 10, we see that one
of the numbers m or n equals 25 and the other equals 5% So, m+n=2%+5% =644+ 625=689
T-6. Denote the radius of the identical circles by r. Using centers A, B, C, and D AABC

and AABD are both equilateral triangles with side equal to 2r. Then the height of
the shape equals r+ A+ h+r=2(r+h) where h is the height of an equilateral
triangle with side 2r.

Using the ratios in a 30°~60°-90° triangle, we calculate that & =74/3.

Then we have 2(r+h)=2(r+rw/3_o)=2 and r=1 L V-1

OR ———

+\I§ 2
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T-7. From the given information, and the Pythagorean Theorem, we have a+bt=ct= (49- a)z =49% ~98a + o*
sothat b% = 49(49-2a). We can deduce that 49-2a is a square. As it is alsc odd, 49-2a must be one of
the nombers: 1, 9, 25. Then a is one of the numbers: 24, 20, 12. Since b= 7\/49 -2a and ¢c=49-a, we
have:
Case 1: if a=24,then b="7 and the requirement that a <b is not satisfied.
Case 2: if a=20 then =21 and ¢=29 and the area of the triangle is -;—(20)(21) =210
Case3: if a=12 then b=35 and c¢=37 and he area of the triangle is ;—(12)(35) =210
In either case, the area of the triangle is 210.
T-8. Let S be the area of one of the 3 shaded regions. Then the smallest circle has

! So, the product of the radii of the 3 circles is /6

total area 4S, the middle circle has total area 8S, and the largest circle has
total area 12S. Since the smallest circle has radius 1, itsareais .
So, 4S=mx, and S= ;—E
2
Then the middle circle has area n(rl) =8S= 8(%) =2x and = 2.

2 1
Similarly, the largest circle has area n(rz) =125 = 12(4—) =3n and r,= NEN
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RELAY QUESTIONS
R-1 In AABC, AB=20, BC="7, and CA=15. Side BC is
extended to point D so that ADAB is similarto ADCA. >
What is the length of DC ?
/’I b &
:l 15 7
A 20 B

R-2 TNYWR is the number of seconds it takes a certain grandfather clock to strike 7 o’clock,
beginning with the sound of the first stroke and ending with the sound of the last stroke.

How many seconds will it take this clock to strike 9 o’clock?

R-3 Let N=TNYWR-7.
In an arithmetic progression, the first term is 8 and the fourth term is 26.
Find the sum of the first N terms of this progression.

R4
In a group of k people, we learn that two out of every five wear eyeglasses, and one out of

Let k=TNYWR.
every five has red hair. What is the maximum possible number of these people who neither

wear eyeglasses nor have red hair?

R-5 Let N=TNYWR.
The perimeter of a regular hexagon is N. The area of the hexagon can be written as &+/3.

Find the value of k.
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L TO RELAY ESTI
R-1. Since we have similar triangles, ADAB ~ ADCA, we get be = £—= ﬂ
' DA AB DB l?
. 15 AD . AN
Andsince AC =15 and AB=20, we get DA~0"DB from which we ‘,' .

) .
have DC = %DA and DB= %DA. It follows that DB-DC = %DAA !
However, it is also true that DB - DC = CB="7. Therefore, DA=12. 1 B
Then DC=2(DA)=3(12)~9 is

4 4
20

R-2. TNYWR=9
When the clock strikes 7 o’clock, there are 6 time intervals between the 7 strikes. When the clock strikes 9
o’clock, there are 8 time intervals between the 7 strikes. Therefore, we have g= § = 6x=72 = x=12
R-3. TNYWR=12 and N=12-7=5
If d is the common difference between successive terms, the progressionis 8, 8 +d, 8 +2d, 8+3d, ...
Since the fourth term is 26, we have 8 + 3d = 26, and d = 6. So the sum of the first 5 terms is
8+ 14 +20+26+32=40+40+20=100
R-4. TNYWR=100=k
We have g-(100) =40 wear eyeglasses, and %(100) =20 have red hair. The largest number with neither
eyeglasses nor red hair will be realized if the 20 with red hair are among the 40 with eyeglasses. If this is the case,
there are 60 with neither eyeglasses nor red hair.
R-5. TNYWR =60

One side of the regular hexagon is %= 10. The area of the hexagon is equal to 6 times the area of one of the

equilateral triangles whose base is one of the sides of the hexagon and whose vertex is at the center of the

2
hexagon. The area of one of these equilateral triangles with side s is g 7 So the area of the hexagon is

(10243}
——1041/3— = 6OOJ§= 150+/3. Therefore, the value of & is 150.

L





