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Contest 1 October 18, 2004

Individual Questions
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INDIVIDUAL ROUND 1 — 15 MINUTES

. Segments drawn from a vertex of a rectangle to points A and B A B
on the longer side of the rectangle have lengths 25 and 39, as
shown. If the shorter side or the rectangle has length 15, how long 5| 28

is AB? 39

. In discussing who was the best catcher, Marina said, “Keith is best”; Ali said, “I'm not best”;
Keith said, “Brian is best”; but Brian said, “Keith lied when he said I'm best”. If only one
of these four statements is true and the others are false, who is the best catcher ?

------------------------------------------------------- CUT HERE ~memmemmmmemmem e e

INDIVIDUAL ROUND 2 — 15 MINUTES

4. A regular hexagon whose perimeter is 12 can be inscribed in a certain \
rectangle, as shown. What is the area of this rectangle? /

. Aline with slope -2 is 2 units from the origin. Compute the area of the triangle formed
by this line and the coordinate axes.

. (NOTE: A palindrome is a positive integer that reads backwards the same as it reads
forwards. For example, 67276.)

Let S be the set of all 15-digit positive integers. An integer is chosen at random from S.

The probability that the chosen integer is a palindrome is o Compute the value of £.
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I-1.

I-5.

The width of the rectangle is 15, so right
triangle ADEA and right triangle

ADEB each have a leg of length 15. By
the Pythagorean Theorem, EA =20 and
EB =36. Therefore, AB=36-20=16.

A B
E
25
t5 39
D

I-2.

[f Brian were best, then Ali and Keith
both told the truth. If Marina were best,
then Ali and Brian both told the truth.
If Keith were best, then everyone except
Keith told the truth. Finally, if Ali were
best, then only Brian told the truth.

So, Ali is best.

Write 7% as 492,and write 4 as

7\2 2
(2 ) =128". Then, we are looking for

October 18, 2004

Since the slope of the line is -2, we can
let the legs of the triangle be ¢ and 2a.
Then the area is of the triangle is given

1 .
by: -2-(2 a)a)= a’. Since the hypotenuse

has length a~J5 , and since the altitude to
the hypotenuse is given as 2, the area is

also given by: %(a 1/5_)(2) =af5.

Equating these two expressions, we have
a =5, so the area of the triangle is 5.

\

2a | \a+5

the number of squares between

49* and 128%. The number of such
squares is 128-49-1=78.

[-4. When the hexagon is inscribed in the

rectangle as shown, four 30°-60°-90°
triangles are formed in the corners of the
rectangle. These triangles have
dimensions 1, 2, -\/?T as shown. Since
the rectangle has a width of 4, and a

height of 2-\/3_, its area is 8-\/-?; .

I-6.

To form a 15-digit palindrome, there are
9 choices for the first digit, 10 choices for
each of the digits in the next 7 places, and
the last 7 digits must match the first 7
digits. Therefore, the number of 15-digit

palindromes is (9)(107). Set § contains
(9)(1014) 15-digit integers. So, the

probability of choosing a palindrome, is
9)0") 1

W= {0—7, and k=7.

1 2
N
s\ /]
1
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

In a certain right triangle, if we add the lengths of the legs, and then square the sum, we’ll
get 1000. However, if we multiply the lengths of the legs, and then square the product,
we’ll get 2500. How long is the hypotenuse of this right triangle?

The solution sets of the polynomial equations, f(x)=0 and g(x)=0 are, respectively,
{0,1,2,3} and {2,3,4}. How many different numbers are in the solution set of the

polynomial equation, {f(x)){(g(x))=07?

i A(3.4) and C(7,10) are opposite vertices of rectangle ABCD, then vertices B and
D must lie on the circle, x* + y2 - px—qy+ s =0. Compute the ordered triple of real
numbers, (p.q,s).

Points P and Q are on circle O, and chord
PQ is drawn. A second circle is drawn with P

diameter OP , crossing the chord at point S. ‘ Q

If OP=7 and PQ=12, compute PS.

There are 5 positive integers less than 6, and 3 of these are factors of 6; so 60% of the
positive integers less than 6 are factors of 6. What is the smallest positive integer n>1
for which fewer than 1% of the positive integers less than n are factors of n?
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T-1. Let the lengths of the legs be @ and b,
with a>b. We are given that
(a+b)* =1000, and that (ab)” = 2500.
Squaring in the first equation, we have
a® +2ab +b” =1000. From the second
equation, we have ab =50. Substituting
into the first equation, we have
a* +2(50)+ b* =1000, from which we
can see that a> +6° =900. Let ¢ be the
length of the hypotenuse. Then,
c? = a? + b* =900, we have ¢ = 30.

. When polynomial equations are
multiplied together, all factors of either
original equation are factors of the
product, and vice versa. Therefore, in
this problem, the solution set of the new
equation is {0,1,2,3,4}, the union of the
original two solution sets. Therefore, the
number of solutions is 5.

. The center of the circle is the midpoint
of the diagonal of the rectangle.
Therefore the circle has center C(5,7),

and its radius is -\ﬁg . Then the equation
of the circle is:

(x —5)2 +(y- 7)2 =(1f1—3)2 or
x4+ -10x-14y+61=0

So, the required ordered triple is:
(10,14,61)

October 18, 2004

T-4. Since LOSP is aright angle, OS is
perpendicular to PQ. Therefore, it
bisects PQ, so PS=6.

(NOTE: The length of OF does not matter!)
PEN

’ Q

T-5. Since fewer than 1% of the positive
integers less than » are factors of #,
there must be more than 100 integers less
than n that are not factors of ».
Therefore, n>101. We can quickly see
that the required answer is 103, since this
is the least prime number greater than
101.
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INDIVIDUAL ROUND #1 - 15 MINUTES November 15, 2004

l. The Random House Unabridged Dictionary, 3rd edition, correctly defines a “power” as a
“product obtained by multiplying a quantity by itself one or more times. The third power
of 2 is 8” How many powers of 6 lie between 100 and 20047

Z. What is the area of a square inscribed in a semircircle of radius 10?

3, The figure at the right consists of squares and isosceles
right triangles. What % of the entire region is shaded?

INDIVIDUAL ROUND #2 - 15 MINUTES

4./ Let f be the function defined by fin) = n(n+1) + 41. There are only 2 two-digit positive
*  integers 1 for which neither f(n) nor f{n + 1) represents a prime number. What are both of

these values of n?

4, What ordered pair of real numbers (x,y) satisfies £ = 11 + Yand 2% = x + ¥+ v

(g . When cutouts of the drawings at the right are properly folded o] [o]
and taped, four cubes are formed. On each face, a circle, a tri- [e]e]ala] [a]m : *]
angle, or a square is drawn, one per face, as shown. One cube A =
is selected at random, and then one of that cube’s faces is se- [a] o]
lected at random. If a circle appears on the chosen face, what [E]e :ﬂ {(AJm : o]

is the probability that a circle also appears on the opposite face?
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1. What is the value of p for which Jg is p% of N

T-2. If f(x)=[3x-1|, compute all values of x for which f(f(x))=x.

T-3. One angle of a triangle is twice another, and the sides opposite these angles have lengths
15 and 9. Find the length of the third side of the triangle.

T-4. How many digits are in the smallest positive integer whose digits have a sum of 20047

T-5. On a 100-question test, 60 questions involve algebra and 20 questions are difficult.
If 8 of the difficult questions involve algebra, how many of the questions that
are not difficult do not involve algebra?
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1004/3 100
~1. Weh £ .,/ b) = Y L
T ¢ have, 100 \/7 1/_-\/_ -\/_ 25

NOTE: The value of p is 25, not 25%. (Read the problem statement carefully!)

T-2. f(f(x))=l 3 Bx-1| -1| - x implies 3 Px-1| 1= =x,50 3 Px-1| =
1 . 1 2 .

If Xz, we have 9x-3=1=+x,leading to x=—2- or 5 both of which check.
1 . 1 1 .

If x<§, we have 3-9x=1=x,leading to x=g or Z,both of which check.

11 2
So, th D=, = =
0, the answers are 15

T-3. Let m£ACB=0. Then mLABC=20.
Extend side AB through B to D so that
BD = BC =x. Then ACBD is isosceles and
m/BCD=m/BDC.
We can also see by the exterior angle theorem,
that m/BCD+m/{BDC =m/ABC =20 . So,
mLBCD=m/BDC =¢J. Therefore, AADC is
similar to AACB and we have the proportion,

91+5x = %5— from which we find that x =16.

’}:4 The smallest such positive integer will Eave as few digits as possible, so all but the first digit
must be 9’s. Since 9 x 222 =1998, the integer we are seeking is 6999...99 — in other
words, the digit 6 followed by 222 nines. This number has 223 digits.

T-5. There are 8 difficult algebra questions, so there are 60-8=52
non-difficult algebra questions. Since there are 80 non-difficult
questions, and 52 of these involve algebra, the number of questions 6@3

that are neither difficult nor involve algebrais 80 —52 = 28.
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INDIVIDUAL ROUND #1 - 15 MINUTES December 13, 2004

/ . The odd number k satisfies 2k—2 = 4m, where k—m = 502. What is the value of 4m?

Z, The vertices of a triangle, shown shaded, are one vertex
of a rectangle and midpoints of the two sides furthest
from this vertex. What fractional part of the area of the
rectangle is the area of the shaded triangle?

5 Regular polygon ABCDE . . . has x sides. What is the degree-measure of the acute angle at
" which the extensions of sides AB and CD would meet? (Write your answer in terms of x.)

INDIVIDUAL ROUND #2 - 15 MINUTES

ll' What are all ordered pairs of real numbers (x.y) for which 22 = 7x+3y and y? = 3x+7y?
& Ifa#bandax + by = bx + ay, what is the value of x — y?

(o Into at most how many distinct, disjoint regions can three triangles partition a plane?
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Answers

1. 2004

2. 3/8 or 0375

3. 180 — (720/x) or 180(x—4)/x or exact equivalent

4. (6,-2), (-2.6), (10,10), (0,0)

5. 0

6. 20
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1. Two circles have radii 1 and 7, and one of their
common internal tangents is perpendicular to a

common external tangent. Compute the distance
between their centers.

T-2. A line segment is drawn connecting the midpoints of two
opposite sides of a rectangle, as shown in the diagram. A
diagonal of the rectangle is also drawn. If the area of each
shaded triangle is 20, what is the area of the original rectangle?

T-3. The median of a set of numbers is the arithmetic mean of the two middle numbers.
Given the set of numbers, {2",2’“’1,2k+2 ,2k+3} ,if k is a positive integer, what is the

result, in simplest form, of dividing the median of this set by the smallest number in the
set?

T—4. By finding a gold nugget, a prospector is said to “strike it rich”. If, on a given day, a

prospector has probability 51;— of “striking it rich”, what is the probability that at least one
of the prospectors, Bill and Barb, “strike it rich” on a day on which they both mine for
gold?

T-5. Find the value of the integer x that satisfies the equation,

R

" 20042) 2004
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T-1. Wehave d” = (R+r)" +(R-r)" =2(R* +r%)=2(49+1)=100,
so d=10.
T-2.
METHOD 1: ’
The rectangle consists of 8 congruent triangles, so the area of the rectangle
is 8x20=160
METHOD 2:
Since the length of each triangle is half the length L of the rectangle, and

the width of each triangle is half the width W of the rectangle, the area of
each triangle is (%Xé)(—‘g—) = % . Therefore, %= 20 and LW =160

(2k+1 + 2k+2)

- zk 2k+1 .
> +

T-3. The median is
k okl

Dividing this by the smallest number, 2, we get —F " 1+2=3

T—4. The probability that either strikes it rich (and therefore, wins) is % , so the probability that either one

does not strike it rich (loses) is % .

Since P(Bill wins,Barb loses) = P(Barb wins,Bill loses) = % -;-— 61’ and since
P(both win) = %—x%— é the probability that at least one of them wins is -67z+ % -612— }6%

P-1,62-1,72-1 8 -1,  2003* -1 2004 -1

T-5. The left side can be written, 5 5 7 > 3 =
5 6 7 8 2003 2004
_ G-D5+1) . G-1(6+1) . 7Z-D(7+1) vee (2003 -1)(2003 + 1) . (2004 -1)(2004 + 1)
(5)5) 6)®6) 77 (2003)(2003) (2004)(2004)

(4R8), Y, 618\, TR | 48908, | | (2087)02604) | T2603)(2005)

T O S TR, B 959 (200312903), (2064)(2004)

= é @—w Therefore, x =1604 .

5 2004 2004
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INDIVIDUAL ROUND #1 - 15 MINUTES January 10, 2005

4 ] « One stamp is randomly selected from a 10x 10 sheet of 100 stamps. What is the probability
that the stamp was not one of the sheet’s border stamps.

2. Each trisection point of one side of a rectangle

is connected, by a line segment, to the vertex
of the rectangle furthest from it, as shown at
the right. What fractional part of the rectangle
is occupied by the shaded triangle?
3. One circle has half the circumference of another. How many ro-
tations about its own center will the smaller circle make in roll-
ing exactly once around the larger one, in the manner shown?
P
INDIVIDUAL ROUND #2 - 15 MINUTES x, qy v Z
‘l What value of x satisfies 4* + 417% = 4? 7 A 7*
. 7 2 / c/',i§
J ) ) ﬂ _ 'f v _g/\_/ r
@ v (V-0 y=2
i ted into two unequal nonempty piles. The
A deck with 26 red_ and 26 black cagis lSdS: g:;:de The number of red cards in the second pile
* first pile contains 7 times as many black car 11 How many red cards are in the first pile?
is a multiple of the number of black cards in that p e-/D y
(>
. _ cosx+sinx,
{. Whatis the radian measure of the least positive angle x for which tan(5x+x) = < 0 "inx
> ; . Lol
5 i 1L, £ f»ﬁ - Zé} B T A TN L
I ' = y UYL ;o )
e -7 | I9 5 /o A {;1,‘5
S P——L Roreo-ze
D] G B 73

X /Z( BRI Bk b =78,
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TEAM QUESTIONS

R
B A C

T-1.

In the graph shown, one line segment passes through (0,5) and (4,0),
and the other passes through (0,-2) and (1,0) . What are the y
coordinates of the point of intersection of these two segments?

‘ 3 VN
(%Im) j:.’lx'&.

e
S o 2xer = RS

B L X -
b Fx-§=-5x + 20
Laxo 28

T-2.

(NOTE: A palindrome is a positive integer that reads backwards the same as it reads

forwards. For example, 67276.) v ay i

{“@L G 5s
John thought that he had added together all the 2-digit positiveintegers, and the sum he ¥
got was a palindrome. Unfortunately, he had left one number out. What numberhad 7

been omigted? [ Itz e g e 7010 4o 0 g
. - ,\_VP/,Y L/@ e

4§Y0

T-3.

If n is a3-digit positive integer,and n= ABC=AB+BA+AC+ CA+BC +CB , 777y
compute the largest possible value for r(‘ bo
1)

T-4.

A group of students stood evenly spaced\lﬁa/circular formation. They counted off,
starting at 1 and continuing by consecutive integers around the circle, clockwise.
After all students had counted off, the 19th student noticed that the student fajt from

him was student 99. How Q‘la students were in the entire group? L4 Zoh
@ 2

%\( o

. A B C, and D are the cente‘rs’éf four congruent circles which are

tangent to each other as shown. AC = BD =12, what is the area
of one of the four circles?
/

A

T

¥t
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I , A sealed box with dimensions 2, 3, and 4 units is filled with 20 cubic units of water. Which
dimension should be chosen as the height of the box so that the actual height of the water
inside the closed box is minimized?

z. What are all real numbers x which satisfy = 21 + = 21 =37
xx+1)+1 (x°+2)+1

3 ifa > 0 and b > 0, what is the least possible value of (u+b)(% + %)?

INDIVIDUAL ROUND #2 - 15 MINUTES

LI Each trisection point of one side of a rectangle is
*  connected, by a line segment, to the vertex of
the rectangle furthest from it, as shown at the
right. What fractional part of the area of the
rectangle is the area of the shaded quadrilateral?

to lowest terms.

2
Red I1X4X9I%x16X. . . Xn“x. . .x 10000
K&, Reduce 5 X% K s X+ x 0700

[D. What is the numerical value of b for which the length of the path fi A(0,2
C(c,10) to D(5,9) will be a minimum? o P rom A02) to B0 to

Reminder: Questions next meet will repeat the themes of questions 1~2 and 4-4.
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Answers
1. 2
2. nome or {} or @ or emptyset Do not accept {@}.
3. 4
4. 7/24
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1.

In a convex polygon of r sides, one interior angle contains x°, while each of the
remaining n -1 interior angles contains 133°. Compute all possible values of x.

T-2.

Find the real value x which satisfies the equation, (x2 +x+ 1)(;\:6 +x°+ 1) = —10—1 .
x —

T-3.

What is the least integer n greater than 1 for which the square root of n, the cube root
of n, and the fourth root of r are all integers? :

T-4.

Three solid gold spherical balls have diameters of 3, 4, and 5 cm. If the three balls of gold
are melted down and recast into a single solid gold spherical ball of diameter d, what is the
value of d?

. If x is randomly chosen from the positive real numbers less than 10, what is the

probability that x+ gs 47?
x
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T-1. The equation 133(n-1)+ x=180(n~2) implies x =47n— 227. Since 0°<x <180°,
we can only have n=5, 6, 7, 8, producing x =8, 55, 102, 149

T-2. We have (x —1)():2 + X+ 1)():6 0+ 1) = (x3 - 1)()c6 X + 1) =x°-1=10. This
implies that x = 11, so x =?\I1_1

T_3. Since n is a perfect square, cube, and fourth power, and since n>1, we conclude that
the least such integral n= 2* where x is the least common multiple of 2,3,and 4.
Therefore, x=12 and 2'2 = 409 .

T-4.
METHOD 1: The volume of a sphere is proportional to the cube of its diameter. If we divide

through by the constant of proportionality, we get P =3 +4%+5%=216 so d=6.

METHOD 2: Let the diameters of the small gold balis be 2a,?2b,and 2¢. Then the total

4 5 5. s 4 {3, 3. (5) ] 4
volume of the 3 small gold balls is En(a +b +c )=§n{(§-) +2 +(§-) ]=§u(27).

If R is the radius of the final gold ball, its volume is g-:cR3 ,SoR=3

and the diameter is 6.

T-5. Since x>0, we can multiply through by x without changing the direction of the
inequality. When we do this and combine terms, we have x? —4x+3=(x-3)x-1)s0.
Using the number line, we find that this inequality is true when 1=xs3,an interval of

length 2. Therefore, the probability is -1% that a randomly chosen positive real number

less than 10 will satisfy the given condition.

3)x-1) +0— 04+ + + + + + +

x 01 3 10
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TEAM QUESTIONS

AABC is a right triangle whose area is 4, and whose hypotenuse AB is 12.
Compute the value of sin(2 A).

C
Circles P and Q are tangent, and L
each has radius 1. Segment PQ
extended meets the circles at 4 and A B
B, and AC and BTC are tangents P Q

to circle P, as shown in the diagram.
Compute the length, AC.

A strictly increasing sequence of positive integers contains the terms 305 and
2005. If each term after the second is equal to the sum of the previous two
terms, compute the least possible value for the first term.

Compute the positive integer value of & that makes the following statement true:
For all positive integers a, b, and ¢ that make the roots of ax’ +bx+c=0
rational, the roots of dax? +12bx + kc =0 will also be rational.

Let ¢ be a constant, and consider the system of equations below:
x-y=2
cx+y=3

For what values of ¢ will this system have a solution (x,y) inside the first quadrant ?
(NOTE: If (x,y) is inside the first quadrant, then both x>0 and y>0.)

T-6.

T-8.

Four whole numbers, when added three at a time, give the sums:
180, 197, 208, and 222. What is the largest of the four numbers?

Four red balls and five white balls are placed in a jar. One ball is randomly
removed and replaced with a ball of the other color. The jar is shaken and one
ball is selected. What is the probability that this ball is white?

In the diagram, AB is the diameter of the circle. - C
If AB is 10 em, and the area of the triangle is a
11 em?®, find the perimeter of AABC . A B

10
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SOLUTIONS TQ TEAM QUESTIONS

B
T-1. Since Area=£1-7—=4,we see that ab=8.
? al b ab 1 a 12
Th in(2A) = 2sin(A A=  —= —==
en sin(2A) = 2sin(A4) cos(A) (12)(12) =3
C b A

T-2. Draw PT and note that AB L AC, PT L BC, AP=PT=1, and PB=3.

Then the right triangles, ABTP and ABAC, c T

o AC TP

are similar, and ——=—.
AB TB 1

By the Pythagorean Theorem in ABTP,

TB = ‘\]32 1% = 2-\/5 . Therefore,
AC 1

4
AC_ 1 ac-2 -
W A 22 V2

T-3. If the term immediately following 305 is x, we have the terms,
v 305, x, 305+ x, 305+2x, 610+3x, 915+5x,

Since one of these terms must be 2005, we can try: 305+ x = 2005, 305+ 2x=2005,
610 + 3x = 2005, 915+5x =2005---.

Solving these equations produces x = 1700, 850, 465, 218---

Since x > 305, x =218, If x = 850, then the term preceding 305 would be 545 and the
sequence would not be strictly increasing. Therefore, let x = 465. Working backwards,
we find the sequence to be: 15, 145, 160, 305, 465, 770, 1235, 2005, . . . So,
the required number is 15.

T—4. For the roots of ax® + bx+c=0 to be rational, we need b* - dac to be a perfect
square. For the roots of Aax® +12bx + ke=0 to be rational, we need
(12[9)2 —4(4a)kc to be a perfect square.

(12b)? —4(4a)ke =144b> —16kac = 144(b2 - g—ac) .

k
Since it is required that b* - dac is a perfect square, then 144(b2 - gac) will be a

perfect square if & =36.
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x-—-y=2
{ Y Adding the two equations, we have x(1+¢)=5,s0 x= —
C

cx+y=23
and x will be positive when ¢ +1>0, so, ¢>-1.

Now, multiply the first equation by (—c) and add if to the second equation, to produce

3_26. Since 1+c¢>0, y will be positive if 3-2¢>0, so c< .
l+c 2

y=

So, x and y are both positive for -1<c< 5

Letthe 4 sumsbe: A+ B+C=180, A+B+D=197, A+C+D=208, and
B+C+D=222

Adding the 4 equations, we have 34+ 3B+3C +3D =807, so, A+ B+C +D=269.
From this result, subtract each of the 4 original equations to find: D =269-180=89,
C=269-197=72, B=269-208=61, A=269-222=47.

So, the largest of the 4 numbers is 89.

We start out with 4 red and 5 white balls in the jar.
. . .4
(1) The probability of choosing a red ball on the first draw is 7
After replacing the red ball with a white one, the probability of drawing a white ball on

the second draw is )

. . . .5
(2) The probability of choosing a white ball on the first draw is 7
After replacing the white ball with a red one, the probability of drawing a white ball on

the second draw is ;i

4Y6 5\(4) 44
. th ilit th ball is white is: | =[] =]+ | =l| =|=—
So, the probability that the second ball is white is ( )(9)+(9)(9) ]

T-8. a*+b° =100 by Pythagorean Theorem. Area = %ab =11 = 2ab=44.

Combining the two equations, we have: c
a*+2ab+ b? =144 so, (a+b)’ =144 = a+b=12,

and the perimeter of the triangle is (a + b) +¢=12+10 = 22. A B
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INDIVIDUAL QUESTIONS E F

Squares ABCD and AEFG have sides 4 and 10 C D
as shown. What is the area of the shaded region?

(2005)° - (2000)” - (5)
(2005)(2000)(5)

Compute the value of:

There are 29 people in a room. Of these, 11 speak Spanish, 24 speak English,
and 3 speak neither Spanish nor English. How many people in the room speak
both Spanish and English?

A ball was floating in a lake when the lake
froze. The ball was removed (without
breaking the ice), leaving a depression in the
ice 24 c¢m across at the top and 8 cm deep.
What is the radius of the ball in centimeters ?

A soldier is last in a 1/8 mile long line of troops that is marching forward at a
steady rate of 2 mph. At a given moment, he begins to run toward the front of
the line. When he reaches the first person in line, he immediately turns and runs
back to the end of the line (which has, of course, changed location). If he runs at
a steady rate of 4 mph, losing no time in reversing direction, compute the total
distance he has run (in miles).

If (x,y) is an ordered pair of positive integers such that 2005 <x <y < 2050,

how many such ordered pairs satisfy the equation, y2 Xt =2x+1?
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SOLUTIONS TO INDIVIDUAL QUESTIONS

I-1. We see that ABAP issimilarto ABGF. E F
Then —A—Ii=§—F—, so thal i‘\—P-=}E = AP=£=—2£
BA BG 4 14 14 7 C D 10
1 20\ 40
, and th ired is =(4) =—l=—= 4
and the required area is 2( )( 7) -
B 10 G

I-2. For a more general and easier solution consider:
(a+b) —(a) ~(b) 3a’b+3ab® _(3ab)(a+b)

(a+b)aYp)  (a+b)a)b) (a+b)a)b)
I-3. 3 people speak neither English nor Spanish. Therefore, 29-3 =26 people who speak
English or Spanish or both. 26 11 Spanish speakers = 15 who do not speak Spanish.
26 — 24 English speakers = 2 who do not speak English. Then 26 - 15-2=9 people
who speak both English and Spanish.
14. Draw BO perpendicular to AC at point D, and
consider right triangle ADOC'.
By the Pythagorean Theorem, we have,

P2 o(r=8) +122 = 16r=208 = r=13

1-5. The soldier’s effective rate running toward the front of the line (as if others were standing
still) is (4 —2) = 2 mph. Running toward the back of the line, his effective rate is

(4 +2)=6 mph. The total time he has run is 1—;§+ 12—8—= %— hour.
Therefore, the total distance he ran is: (4)(11—2-) = % mile

1-6. Wehave y> =x* +2x+1=(x+ 1)2 which implies (for positive values of y) that y=x+1.
Then the smallest value of x is 2006, and the largest value of x is 2048 when y = 2049.
Letting x go from 2006 to 2048 produces 43 ordered pairs,(x,y), where the values of
y are given by y=x+1.




[image: image24.png]MCWP SENIOR HIGH MATHEMATICS LEAGUE
2004-2005 SEASON FINALS
APRIL 26, 2005

RELAY QUESTIONS E

R-1. In the diagram, Q is the center of the circle,

CE=ED in ACED,and 'LAOB isa

right angle, as shown. If the ratio of the area 0

of ACED to the area of AAOB is k: 1, c D
compute the value of k.

R-2. Let T=TNYWR

Compute the value of X if : —¢ =0 —¢—9o—ses—o—=

R-3. Let T=TNYWR and let H=T+46

An ordinary pair of dice is thrown. Compute the probability that, if the total on the
dice is greater than 7, the total will be H.

R-4. Let T=TNYWR and let K= %+ 2

A semicircle with center O is
inscribed in AABC, tangent
to sides BC and AC and
with its diameter lying along
side AB. If a=5, b=6,
andfmcce1 ztigea og the é;i?ﬁlgle is
K. find the radius e

semicircle. B 0 A

R-5. Let T=TNYWR and let H=2T

The sides of a rhombus have length H, and the sum of the lengths of the diagonals
is 20. Find the area of the rhombus.
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SOLUTIONS TO RELAY QUESTIONS

E
R-1. Let OA=1, then CD=2. and CE =ED=+2.
Then both triangles are 45° - 45° - 90° right
triangles.
Then, K _ area(ACED) _ ¥(CE)ED)
" 1 area(AAOB) L(OA)OB) c 0
= % = %, and k=2
A
B
123 4 5 30 31
R-2. Since T=TNYWR =2, we have: —*—¢—eo-—¢ ——soe—o___D"
e VME TS 02 62 o4
! !
2 3131 == 31! - 33 - =2-—36. So, x=-36
27°(32) 27(31)(32) 272
R-3. H = TNYWR + 46 =-36+46= 10. Of the 15 throws that total more than 7,
3 of these will equal 10. So, the required probability is 11 = %
R4, = 4 +2=—4-—+2=22.

TNYWR 1/5

From O, draw OC. Also draw the
perpendiculars, OD and OF to
the points of tangency. OD and
EO are the altitudes of triangles

ABOC and AAOC,respectively. B 0
Since the area of AABC equals
the area of ABOC plus the area of AAOC, we have;

—;—r(5)+%F(6)=22 = 1—21—r=22 = r=4
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R-5. H=Z2(INYWR)=3§

Let the lengths of the diagonals be 2x and 2y.
Then 2x+2y=20 = x+y=10.

Squaring this equation, we get X2 2xy+ y2 =100. 5%
Since the diagonals of a rhombus are perpendicular,

four right triangles are formed. Then, by the
Pythagorean Theorem, we have x4 y2 =H*=64.

. . .1
The area of each of the small right triangles is 5%

so the area of the rhombus is 4{%ny =2xy.

Now, subtracting the equations,
X%+ 2xy+y* =100

2+ =64

, we have: 2xy=236, which is the required area.




