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Individual Questions

1. Semicircles drawn on each 51de of a triangle have areas of 9n, 16w, and 25x.
What is the area of the triangle?

2. An open-top rectangular box can be formed by cutting identical squares out of each of the
four corners of a rectangular piece of cardboard, and folding up the four sections that stick
out. For a particular sized piece of cardboard, the same volume results whether squares of
side 1 or squares of side 2 have been cut out. Compute the resulting volume if squares of
side 3 are cut out.

3. Al and Barb both tried to solve the equatlon Ax* + Bx + C = 0 where A4, B, and C are
integers. However, each made exactly one error in copying down the problem. The

solutions of Al’s equation were -2 and ‘%, but his vlaue of A was wrong. The solutions
of Barb’s equation were 2 and 3, but her value of B was wrong. What are the solutions of
the correct equation?

----------- [0 0yl 31531 ——

4. Very few people are aware of the growth pattern of Jack’s beanstalk. On the first day, it
grew to a height of 100 meters. Then on the second day, its height increased by }/2 (50%),

on the third day by 33 14 %), on the fourth day, by ¥4 (25%), and so on, so that on the
3 3 4

nth day (n = 2) its height increased by l
n
How many days did it take to reach a height of 5000 meters?

5 In the addition problem at the right, each letter represents a different digit. AB
Compute the difference between the greatest possible value for this sum and CD
the greatest possible odd value for this sum. EF

GH
+ IJ

6. John throws a fair 6-sided die. If it comes up greater than 3, he wins. If not, he throws
again and wins if it comes up greater than' 4. If not, he throws again and wins if it comes
up greater than 5. Compute the probability that John wins.
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I-1. Since the areas of the full circles are
18x, 32, and 50x, their radii would
have respective lengths of

342, 442, 5J2 . So, the lengths of
the sides of the triangle are
62, 81/5, 101/5, and the area of the

riangle is (}5)(6v2 )(8+2) = 48

1-2. If the dimensions of the cardboard are x
and y, we have

V=()(x-20-2J)=Q)(x-H)y-4)
which implies that xy - 6x - 6y = -28.
The volume we wantis (3}(x - 6)(y — 6)

= (3xy - 18x - 18y) + 108

= (3)xy ~ 6x - 6y) + 108

= 3(-28) + 108 = 24

I-3. Al’s equation is k;(x + 2}2x+ 3) = 0,
or k1(2x2 +7x +6) = 0. Barb’s
equationis k,(x -2}x-3) =0,
or k(x> -5x+6)=0. SinceC =6
in both equations, k, = k,, and the

correct equation is k(x> + 7x + 6) = 0
for which the solutions are -1, -6 .

October 20, 2003
I-4. The 2nd day it grew (3)(100m) = 50m
The 3rd day it grew (3)150m) = 50m
The 4th day it grew ($}200m) = 50m
In fact, every day (except for the first
day) it grew 50m. After the st day, it

grew 4900m more which took 98 more
days, for a total of 99 days.

I-5. For the greatest possible sum, we place
the largest digits in the tens positions,
getting:
10(9+8+7+6+5)+(4+3+2+1+0) = 360.
The greatest odd sum is obtained by
exchanging the positions of the 4 and 5
for a total of 351. Thus the answer is 9
or -9 (either is acceptable).

1-6. The probability of winning is:

(&) (&) - (D) - 5




[image: image3.png]MCWP Senior High Mathematics League

Contest #1 October 20, 2003
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T-1. In asubtraction example, the four-digit number 48NN is subtracted from the four-digit
number 197N, where the N’s represent hidden digits (not necessarily identical). What is
the greatest possible result obtainable?

T-2. The circle circumscribed about regular heptagon, ABCDEFG, has an area of 196=.
If the bisectors of angles A and D intersect at P, what is the length of AP?

T-3. Compute the number of perfect cubes from 1 to 500,000 inclusive that are
multiples of 7.

T-4. Square ABCD is positioned on the axes Y A B
as shown. Compute the area of the square.
A
C (13, 8)
-
o D X
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SQOLUTIONS TO TEAM QUESTIONS

T-4. Drop a perpendicular, CP, from C to

T-1. To make the difference as great as the x-axis. Call the origin O. Then
possible, make the 197N as large as AAOD and ADPC are congruent, and
possible and the 48NN as small as OD = PC = 8. Therefore, DP = 5.
possible. The subtraction shown at the By the Pythagorean Theorem, CD* = 89
right gives the largestresult 1979 which is the area of the square.
obtainable. Any other result - 4800
will be smaller than -2811. '_";8';1' Y A B

T-2. All the bisectors of the angles of any
regular polygon meet at the center of that A
polygon’s circumscribed circle. The C (13, 8)
length of AP is the length of a radius
of the circumscribed circle, which is 14. -

o D P x

T-3. The cube we are looking for must be @  commmmm s
multiple of 7° = 343. So, possible T-5. Listed below are all possible factori-
cubes are: 1°(343),2°(343), 3°(343), etc. zations of 27 and the resulting equations.

Therefore, find 500,000/ 343 = 1457*  **> =2 % 3 = oo
and get the greatest cube less than that. d—d— =3 =9 27 1 2] -
Since 11° = 1331 and 12° = 1728, we o+ oY ~12 12 712 ~12 28 28 =28 2%
can see that the required result is 11.

For those resulting in a sum of 28, the
answers for x and y will not be integral.
Dividing the 3rd equation by 3 we get:
x+y= 4 4 -4 4
from which we determine that
y=5 -1 -5 1,and
x=-1 5 1 -5

So, the ordered pairs are:
("19 5)’ (5’ —1)9 (19 —5)’ (_53 1)
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INDIVIDUAL ROUND 1 — 15 MINUTES

1. On my first four tests, my grades were 95, 87, 44, and 74. What grade must I achieve on
my fifth test for my five-test average to be exactly 807 . :

2. Two equilateral triangles overlap as in the diagram, so
the region common to the two is an equiangular hexa-
gon whose alternate sides are congruent but whose ad-
jacent sides have different lengths. If the perimeter of
the larger of the two triangles is 33 and the perimeter of
the smaller is 27, what is the perimeter of the hexagon?.

3. Segments connecting opposite vertices of a square to the
midpoints of parallel sides of the square, as shown, are
boundaries of a smaller, shaded square. If the area of the or-
iginal square is 900, what is the area of the shaded square?

INDIVIDUAL ROUND 2 — 15 MINUTES

4. What is the only ordered pair of integers (c,4) for which x2—x—11is a factor of cx3+dx?+1?

5. A solid piece of wood is in the shape of a right circular cylinder whose height is twice its
radius. If the volume of this solid is 547 cm?® what is the length of its radius, in cm?

6. There are 24 different ways to arrange the digits, 1, 3, 5, and 7 into a four-digit number.
What is the sum of all these arrangements?
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SOLUTIONS TO INDIVIDUAL PROBLEMS
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1.

Of the following ordered pairs (x, y) which is the only one that will pot satisfy the

equation 187x — 104y = 417
(107, 192), (211, 379), (314, 565), (419, 753), (523, 940)
T-2. Find the sum of the digits in the square of the twelve digit integer: 999,999,999,999.
T-3. If a and b are one-digit positive integers, what are all fractions % for which the
infinite geometric series, ; + b_z + F +--- has a sum of %?
T-4. If x°+5x*+10x° +10x% -5x+1=10 ,and x = -1,
compute the numerical value of (x + 1)%.
T-5. The graphs of the three equations: y =0,

are all drawn in the coordinate plane.
How many ordered pairs of integers (x, y) satisfy all three equations?
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SOLUTIONS TO TEAM QUESTIONS  T-4. Adding 10x to both sides produces
(x+1)° =10(x + 1), so (x +1)* = 10.

T-1. The difference of the numbers on the

left side of the equation is the odd number .5 The three equations can be written

41. Therefore, one of the terms on the M =y k-3=«x-3), and

left side must be even and the other must ly -2 = ~(y - x). From the first

be odd. Since 104y is even for all values - ’

of y, 187x must be odd. Therefore, x

must be odd. The only pair in which x is

not odd is (314, 565). y-x<0 = y<x. Fromthe graphof
is system, we can see that the number of

equation, we have y = 0. From the other
two,wehave x -3 <0 = x =<3, and

" lattice points (points with two integer
T-2. (999,999,999, 999)2 - (1012 B 1)2 coordinates) on the graph is 10.

=10*-2(10)"* +1
= 999,999,999, 998, 000, 000, 000, 001

cmerashanannane
t
H
13
.
¥

The sum of the digits is: L] S S el iy’ Gt
11(9) + 8 + 1 = 108 3h...
P ORI . —
T-3. By the formula for the sum of an
infinite geometric series, we find that Hgyr ' sk
a
a b a -
S =—l = =
1-r ;.1 b5-1
1.2 3
3 6 9
Only for % and % does b have aone-
1 2

.. a
digit value, so b i
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INDIVIDUAL ROUND 1 — 15 MINUTES

1. A standard deck of playing cards has 52 cards divided into 4 suits of 13 cards each. How
many of these cards must I take to be certain I've taken at least 2 cards of the same suit?

2. What is the area of a right triangle whose perimeter is 22 and whose hypotenuse is 10?

3. In the December 11, 1994 issue of Perade Magazine, Marilyn Vos Savant sorted letters as
follows: 1) FGJLNPQRSZ, 2) BCDEK, 3) AMTUVWY, 4)HIOX. She said that no letter in cate-
gory 1 had any symmetry. Identify every letter in category 1 which has a point of symmetry.

cut here
INDIVIDUAL ROUND 2 — 15 MINUTES

4. In AADE, AD = AE and 4
AB = AC, as seen in the o c
diagram. If m£DAB = 36, N

what is m£CBE? D B E

5. A right circular cylindrical tank with a 4 cm radius is half-filled with water. If a stone full;
immersed in the water increases the water level 1/8 cm, what is the stone’s volume, in ¢ ?

6. If i = -1, what are both ordered pairs of real numbers (a,) for which (a+bi)? = 217
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SOLUTIONS TO INDIVIDUAL PROBLEMS
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1.

As shown on the right, two congruent circles intersect
so that the area of their common region is equal to
the sum of the areas of their other two regions.
If the area of their common region is 24, what is
the circumference of one of the circles?
T-2. How many different four-digit integers can be formed by rearranging the digits of
17767
T-3. Find the value of » which satisfies 1 + 2 +g + n-2 G 1 = 2003
n n n n n
T-4. There is only one value of x for which the median and the arithmetic mean of the five
numbers, 4, 2, 16, 6, and x are equal. Compute that value of x.
T-5. Three vertices of a cube in space have coordinates A(2,3,0), B(0,5,4), and

C(4,1,8). Compute the coordinates of the center of the cube.
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SOLUTIONS TO TEAM OUESTIONS

8 +x

T-1. The two outer regions are congruent. T-4. The mean is

The sum of their areas is 24r, so each has . 28 +x

an area of 12x, and the area of each circle If x > 6, median = 6, so 5 6,

is 36n. Since the length of a radius is 6, produces x = 2, a contradiction.

the circumference is 12m. If 4 < x < 6, median = x, so 285+ X .
produces x = 7, a contradiction.
If x < 4, median =4, s0 2+% _ 4

5
produces x = -8.

T-5. A segment joining two vertices must be
either an edge, a face diagonal, or a
diagonal going through the center of the
cube. We can find the distances

T-2. METHODI: There are four digis, AB, AC, and BC by using the distance
formula. For example,

two of which are non distinct. Therefore, - 5
AB = J(2-0)" +(3-5) +(0 - 4)?

! so AB = +24. Similarly, we find that
METHOD II: Enumerating the cases, the AC = f72 and BC = 448 Since
first digit can be a 1, 7, or 6. If the first AB, AC, and BC are all different, the

digit is a 7, then there are 6 possible longest, AC, must be a diagonal through

numbers: 7761, 7716, 7176, 7167, 7671,
7617. If the first digitis a6 or 1, thenin e center of the cube and must have the
center of the cube as its midpoint.

each case there are 3 possible numbers: Averaging the x, , and z coordinates of

6771, 6717, 6177, and 1776, 1767, 1677. . AR
So the total number of possibilities is 12. ggl?;s ; :;ld C, we find this midpoint to

T-3. The series on the left side is an
arithmetic progression whose n -1

terms have a common difference of %

!
the number of possibilities is g—, =12

Since the sum of this series is L1t

-1

follows that 2= = 2003, s0 n = 4007
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INDIVIDUAL ROUND 1 — 15 MINUTES

3.

ST (:-\‘7 vahi a'\lt7

2 burh
Of 10 students in the lounge, 5 are watching TV, 4 are listening to music, and 2 are doing
both. How many of these 10 students are doing neither? @

A line drawn through the interior of a triangle is parallel to

one side of the triangle, as shown. The segment cut off by 2 l

the triangle has a length of 12, and the side to which it is 16
parallel has a length of 16. If £1 = £2, what is the value of x? £

After I rode 25 miles on my bicycle, I drove 150 miles by car. If my average car speed was
twice my average cycling speed, what is the ratio of my driving time to my biking time?

r |t /C( , / ) ‘,
ipd] oot 7
o lBclRellid oy plpue D

Iy

g

INDIVIDUAL ROUND 2 — 15 MINUTES

4.

In the 15-square region at the right, the bottom row forms a y
rectangle two of whose opposite vertices are (0,0) and (10,2). A
The squares in the next row form a rectangle with opposite
vertices at (1,2) and (9,4), etc. Write the coordinates of the point
P on the border of the figure for which a line through (0,0) and
P splits the 15-square region into two regions of equal area.

7

If a human head has at most 120 thousand hairs, what is the least possible population of
non-bald people in a state in which at least 63 people have the same {non-zero) number of
hairs on their head? (Your answer must be exact.)

Two 6 x 8 sheets of paper are shaped into open right circular cylinders, one by joining to-
gether the sheet’s shorter dimensions, the other by joining together its longer dimensions.
What is the ratio, larger to smaller, of the volumes of these two cylinders?
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TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1. Let (100)*°'- 1 be written as an integer in standard form.
What is the sum of the digits of this integer?

T-2. There are 8 gitls and 6 boys in the Math Club at Central Middle School. The Club
needs to form a delegation to send to a conference, and the delegation must contain
exactly two girls and two boys. How many different delegations can be formed?

T-3. Let A(-4,0) and B(4,0) be two points in the coordinate plane, and let C(x, y) be a
point on the circle, x? + y* = 16. Determine the number of points C(x, y) such that
the area of AABC is a positive integer.

T-4. The shorter base of an integer-sided isosceles 3
trapezoid is 3. Altitudes are drawn from the
ends of this base, and they cut the trapezoid
into three equal areas. Compute the
minimum possible perimeter for the

trapezoid.

T-5. A tangent from the point (2 x 2004,2 x 2004) to the circle x* +y* = 2004” touches
the circle at the point (a,b). Compute the value of a + b.
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[ , One side of a square is a chord of a circle. The
opposite side of the square passes through the
center of the circle, as shown. If the area of the
circle is 1002, what is the area of the square?

z , Whatis the only complex number u+uvi for which there does NOT exist a complex number
x+yi such that ux~vy = 1 and uy+ovx = 07 [In this problem, u, v, x, and y are real numbers.]

What is the least possible degree of a polynomial equation with integer coefficients two of
whose roots are 1+v3 and 2—v5?

INDIVIDUAL ROUND #2 - 15 MINUTES

L/ The dotted segment divides a diagonal of the parallelogram in
*  the ratio 3 to 7, as shown. What fractional part of the area of
the parallelogram is the area of the shaded triangle?

&7 What are all values of x for which ’;—:;— + i—:—% becomes meaningless?

b In a single-knockout, elimination-type tournament, each match pits 2 contestants against
* each other. The winner of a match continues to play further matches, while the loser is
eliminated from further competition. The matches continue until an overall winner is
determined. If 100 players originally enter the tournament, and if every match has one
winner, how many matches must be played in order for an overall winner to be deter-
mined? [Note that a bye round, in which a player does not actually compete, but is permit-

ted to continue to play in further matches, does not count as a match.]
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TEAM QUESTIONS

TIME LIMIT =10 MINUTES

T-1. Let P(x)= x> +6x% +7x+2. What is the real number ¢ for which the polynomial
P(x+c) has no x* term?

T-2. Points P and Q are oncircle O, and chord PQ is
drawn. A second circle is drawn with diameter OP , P
crossing the chord at point S. If OP =7 and ‘)‘
PQ=12, compute PS . ‘ Q

T-3. If a is an integer, and if both roots of x* +ax+17=0 are positive integers, what is the
value of a?

a
T-4. NOTE: ( b) represents the number of combinations of a things taken b at a time.

: - n n
Find the smallest positive integer #>100 so that is divisible by ,
101 100

but is not equal to it .

T-5. Inthe diagram, AE' L AB , CD | AE ,and BC |DE.| B

- c
If CD=4, AB=3, and AE =5, and the distance from AE D
to CD is 2, what is the area of pentagon ABCDE ? A E
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T-1. Px+c)=(x+ 6)3 +6(x+c)2 +7(x+c)+2.
Expanding this, we have
P(x+c)= x>+ (3¢ +6)Jc2 +(302 +12c+ 7)x + (c3 +6c% +7c+ 2).

The coefficient of the %% term must be zero,so 3c+6=0 = c=-2

T-2. Since ZOSP is aright angle, then OS is

perpendicular to PQ. Therefore OS bisects PQ ,
so PS=6.

( NOTE: The length of OP does not matter!)

T-3. Since 1—7 is prime, any positive integral root comes from
(x-17)(x-1)=x" -18x+17=0,50 a=-18.

n
(101] 100! (1-100) p=100 _
n 10U (n-101)! n! 101
100

T-4.

k>1. If k=2,wehave n=302.

T-5. Extend BC until it reaches AE . This creates a right triangle

with BA as a leg and a parallelogram with CD as a side.
The area of the parallelogram is 4x2=8. Since AE =5, the
base of the triangle is 5—4 = 1. The right triangle has an area

of 5—(3)(1) =1.5. So, the total area of the pentagon is 9.5.





