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Contest Number 1 1997-1998
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1. Fully simplify the expression: %—-f;'—

i

2. Stewart’s Theorem states that for any triangle:

Part I: Time - 12 minutes

Diagraén for Stewart’s Theorem:

a’n + b’m = ¢(d? + mn) .

In AABC, AC=4,BC=5,Eisapointon AB
such that AE=2 and BE =4,

Find CE in simplest form.

Part 1I: Time - 12 minutes

3. Theintegers 1,4,7,12,and X (X is not necessarily the largest) form a five element list
in which the MEAN equals the MEDIAN.
Find the THREE possible integer values of X .

B
4. Congruent squares ABCD and AEGH overlap so £
that F is the midpoint of both CD and EG, with A c
AD+DF = 154/3
F
Find the area of ABCFGH in simplest form.

Part II1: Time - 10 minutes

5. ABC and CBA represent two 3-digit whole numbers for which ABC + CBA = 948.
Find the value of digit represented by B.

6. Ryan and Noelle each randomly and independently select a whole number from 1 to 20,
inclusive. It is possible that they each select the same whole number. What is the probability,

in lowest terms, that Ryan’s number is greater than Noelle’s number?

*** 3 question next meet will repeat the theme of #2 ***
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Contest Number 2 ’ o 1997-1998

Part I: Time - 10 minutes

7. Timothy was expected to learn the true formula C= %(F —32) to convert Fahrenheit

temperatures to Centigrade. Instead, Timothy used C= —;—( F —30) as an approximation.

Which Fahrenheit temperature still produced the correct Centigrade temperature?

8. Given isosceles AABC with AB= BC =17, B
and point Don AC such that BD = 16. . -
Find AC in simplest form, if DC = AD + 8.
A D C

Part II: Time - 12 minutes

9. A prime number less than 100 is randomly chosen. Find the probability, in lowest terms, it
contains the digit *“3.”

10. Given isosceles trapezoid ABCD with AB=CD, B N
height BE =5, and diagonal BD = 8.
5
Find the area of trapezoid ABCD in simplest by .
form.. A E D

Part [II: Time - 12 minutes

11. When the point (x,y) is rotated 90° clockwise about (19,98), the image is (79,28).
Find the ordered pair of integers (x,y).

12. Find the whole number formed by the last TWO digits in the expansion of 11'*”7 .

*** 5 question next meet will repeat the theme of #12 ***
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Contest Number 3 1997-1998

Part I: Time - 10 minutes

13. Ashley has two hamsters, at least one of them is male Assume the occurrence of male and
female hamsters are equally likely.

What is the probability that both of Ashley’s hamsters are male?

14. Inisosceles ADCE, CD = CE, point P is the midpoint
of CD, Q is the midpoint of CE , and R is the midpoint
of DE.

If the area of ADCE = 48, find the area of the shaded
region in simplest form.

Part II: Time - 12 minutes

15. Find the smallest ODD prime which can be expressed in the form X+ Y3, with distinct
positive integers X and Y .

16. Two intersecting circles have radii of length
5 and 9, respectively.
Find the difference between the areas of their
non-overlapping regions in terms of 7.

Part 0I: Time - 12 minutes

17. One factor of the polynomial aX?>-bX +a is the binomial 3X - 5. Find the ratio %

in simplest form.

18. Find the whole number formed by the last TWO digits in the expansion of 197,

*** 3 question next meet will repeat the theme of #13 ***
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Contest Number 4 1997-1998

Part I: Time - 10 minutes
19. A spinner is divided into 5 regions of equal area, numbered
1 through 5. Stefanie spins the spinner and wins if it lands
on 3 or higher. If not, Stefanie spins again and wins if the
spinner lands on 4 or higher. Find the probability Stefanie A
wins in lowest terms.

20. The ratio of the length to the width of a rectangle is

5:4. Two rectangular strips of equal width are cut from R
adjacent sides of the original rectangle and discarded. ”f
The area of the new (unshaded) rectangle is 30% of the a3
area of the original rectangle. j"'“
Express the ratio of the length of the new rectangle to 5
the width of the new rectangle in simplest form. PERE oo e

Part II: Time - 12 minutes

21. Ryan and Dave race around a circular track in opposite directions. They both run at a
constant rate and meet every 54 seconds. If Dave takes 90 seconds to go around the track once,

how many seconds does it take Ryan to complete one lap?

22. Given AABC with ZA = ZCDE, CE=5
AE=4, and CD=3.
Find BD in simplest form.

Part [II: Time - 12 minutes

23, There is exactly one whole number value of X for which both X - 62 is a perfect
square, and X + 27 is a perfect square. Find X.

24. In obtuse AABC, ZA =105° £ZB=30° and AC= 542. Find AB in simplest form.

*¥¥ g question next meet will repeat the theme of #23 ***
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Contest Number 5 1997-1998

Part I: Time - 12 minutes

25. There is exactly one pair of primes (p,q) which satisfy 11p +25q = 1997. Find the
ordered pair of primes (p,q).

26. The coordinates of the midpoints of two sides of an equilateral triangle are (-5,2)
and (7,-1). Compute the area of the triangle in simplest radical form.

Part II: Time - 12 minutes

27. Find all real values of X which satisfy: (X + 4HX2+3X-68)=2X+8

28 Inright AABC, £B=90° £C =30° and
leg AB=2. BD is the altitude from B to
hypotenuse AC, and BE is the bisector of £B
drawn to hypotenuse AC.

If DE=x+ }’\/5, for integers x and v,
find the ordered pair (x,y).

Part ITI: Time - 10 minutes

29. There are exactly two whole numbers X that satisfy BOTH:
(i) X -11 isa perfect square, and (ii) X + 24 is a perfect square.

Find BOTH possible whole number values of X.
30. Arrange the following five numbers in ascending order:
Sin 1, Sin 2, Sin 3, Sin 4, Sin 5

(angles are expressed in radian measure)




[image: image10.png]MCWP Senior High Mathematics League

Contest Nuﬁlber 5 -

1997-1998

Answers: 25. (2, 73) 26. /53,/_3— 27. “/O)"/)f'? 4Ll REQD
28. (‘3) 2’) 29. /Z., %00 ;Beaggb 30. s/m5, S, Sim3, Sl sm L

~ orgDER !

4

Solutions: @ } y t y

@ a* X Y /&a_
S/NCE 1997 48 0DD [ ONS
# P /(YL— of’: 3,§

oR 2 ST € Even. (1e. = 2)

(6 +a>(,6 —a) =35

Bur 2 casss Alls

/F p=2 = .224;255 =/997 9}: 79 Poss/ BLE -
(2}79> jt“’;} gfylﬂé—,—;x—,/z
lF 32 llpt+50:19}7 = P=177 “ o
S/vCE /77:3-59) THE ontY / B SOE‘ ) R
ANsUER 15 [0 79 4_*::3’ }—; Q"";//f = X=pj
@ A= J-9) s (2-) G y o skeTH yssmKk.
el e A= d153 | /\

pach= 4 473

- [5337]

Q) rO (P 368 - 2x+4) =0
(){f¢)(;g"¢'§,(-7o) z0
vz I(x+/0)(>(—7)=o

3
NS, smY, SIvN3 sty S

¥e7lo | %27 il < SINY USIME OUR KNswLEY &
—/o - of s SYHMETRY Abour X =T
,{ 72,- 447 /1.57»//>//.57,7_/ ie.
@A ”l\’ﬁ’\ By s ANGLs B/S6CTOR. THM = ow < smd /:L;ﬁr;ﬁgm
le‘ A—e-: L wene wr fE =4 'P,fgﬁ,«s |
2 gc ) ) cans,

il
<N

3
and AD=zl = DE=h-1

Problems and solutions

v BECHUSE by E. Vetter
am e Sty (e
+ =
o s Y /-3 D6 =4-7 = vE--2+2/ -
oW > L= . .- s /
S.Foffﬁ /+33 /=43 2423 ';{»DE:—Q‘}]_@




[image: image11.png]SOLUTIONS PACKET
1997-1998
FINALS COMPETITION

for.
SHADY SIDE ACADEMY

Mathematics Council of Western Pennsylvania
- Senior High Mathematics League




[image: image12.png]MCWP SENIOR HIGH MATHEMATICS LEAGUE
1997-1998 SEASON FINALS
APRIL 21, 1998

TEAM QUESTIONS

T-1. If i+ 2i° + 3i° + 4i* + ~ + 32i*’ = A + Bi, where A and B are real, compute the ordered
pair (A, B).

S -8

S,=18,=18 = S"'z_'_ S"‘ll , for n> 2. Compute S,
n- n-

T-5. Point P is on the closed segment joining (2, 0) and (0, 1), and point Q is on the closed segment
joining (6, 0) and (0, 6). Compute the length of the shortest possible segment PQ .

T-6. Inisosceles right triangle ABC, M is the midpoint of hypotenuse AB . An equilateral triangle has
one vertex on AC , one on BC , and one at M. If AB =24 and if the side-length of the
equilateral triangle is k(+/3 - 1), find k.

T-7. There are 120 five-digit numbers such that each one uses all the digits 1 through 5 exactly once.
What is the sum of these 120 numbers?

T-8. The Math Club has twelve members, including Rhonda and Steve. A special committee of five
members of the Math Club is to be chosen. If Rhonda and Steve refuse to serve on the committee
together, how many different ways may the committee be chosen?
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TEAM QUESTIONS
SOLUTIONS

T-1. A+Bi=({~-2-3i+4)+Gi-6-T7i+8 + - + (2% — 30 - 31i + 32)

=(-2+4-6+8- - =-30+3)+(1-3+5~-7+ ~ +29-3Ni

=16 — 16i. Thus (A, B) = (16, —16). T-2
T-2. To find a pattemn, compute several terms: §; = % 38, = —%; S5 = %; S = %

We see that the denominators form a Fibonacci sequence.

Therefore we can determine that S, = —I}H .

T-3. Note that x20 for 4/x to be meaningful and x # 0, 1 for the denominators to be non-zero.
Rationalizing the denominators and adding the resulting fractions yields
2x 2 3-x
—— <1 = -0 = <0
x2 - X x -1 x =1

This fraction is equal to zero when x = 3. Furthermore, the numerator is negative when x > 3,
and the denominator is positive when x > 1, so the fraction is negative when x > 3. Also, the

numerator is positive when x < 3, and the denominator is negative when x < 1, so the fraction
is negative when x < 1. Thus, the solutionis {x|0 < x < 1 or x23}

1 . . .
cosx = 5 is equivalentto (sinx)~ = cos x

Squaring produces: sin x = cos’x = sinx = 1 — sin’x = sin’x + sinx - 1 = 0

T-4. log

sin X

-1:4J1+4 -1+ , -1- 45
The quadratic formula then yields: sinx = : 2 = 3 s or ! 3 "3

-1+ .5
—

However, since —1 < sin x <1, the only valid solution is





[image: image14.png]T-5. Draw a perpendicular from (2,0) to the line joining (0,6) and (6,0).
This perpendicular will be the shortest segment PQ .
It forms the leg of a 45° right triangle whose hypotenuse is 4, so
PQ= 2.2 .

T-6. Using the special relationships in the 30° - 60° - 50°
right triangle MEP and in the two isosceles right
triangles CPE and CMB, we have
DP=CP= 3 and PM = 343
So,CM = 3 + # =12.

Clearing of fractions yields x(1 + J3)=24

and x = — 24
J3 41

Rationalizing the denominator, x = 12 (43 = 1). Sok=12

T-7. Imagine these 120 numbers arranged in a column to be added. The units column will include 24
each of the digits 1 through 5. Thus the sum in the units column is 360. The same is true in each
of the other four positions. Thus our answer is:

1(360) + 10(360) + 100(360) + 1,000(360) + 10,000(360) = (11,111)(360) = 3,999,960.

T-8. The number of five-member committees chosen from twelve people is

12y g2 i
(5 J = 5197 = (IDO)E) = 792.

If Rhonda and Steve are on the committee, then we must choose 3 more committee members from
the remaining 10 Math Club members. Therefore, the number of committees that include both
Rhonda and Steve is

10 10!
[3J = 357 = (10)3)@) = 120.

Hence there are 792 — 120 = 672 ways to choose the committee.
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INDIVIDUAL QUESTIONS

INDIVIDUAL ROUND #1 (10 minutes)

I-1. Find all real values of m such that both roots of the equation x* — 2mx + m* — 1 = 0
are greater than ~2 but less than 4.

I-2. Some people agree to share in the cost of buying a boat. If ten of them later decide not to buy in,
each of those remaining would have to chip in one dollar more. If the sole payment actually occurs
after an additional fifteen people drop out, each of those ultimately remaining has to pay two
dollars more than he would have had to pay had only the first ten dropped out. How many people
originally agreed to buy the boat?

INDIVIDUAL ROUND #2 (10 minutes) P

I-3. In the diagram, minor arcs AB and CB are each
one quarter of a circle of radius 2, and are tangent
at point B. Arc ADC is a semicircle of radius 2.
Compute the enclosed area shown. A c

I4. A merchant bought some oranges at the rate of 3 for 16 cents. He bought twice as many cranges at
the rate of 4 for 21 cents. To make a profit of 20%, based on his total investment, he sold them all
atarate of 3 for k cents. Find k.

INDIVIDUAL ROUND #3 (10 minutes)

I-5. Compute the value of:
1+%(1+2)+%(1+2+3)+ %(1+2+3+4)+%(1+2+3+4+5) +

1
.+1—6(1+2+3+...+16).

I-6. (Note: In this problem, the “lateral area” of a solid is its total surface area minus the area of its bases.)
A right circular cylinder has the same volume as a rectangular box with square bases. If both

figures have the same lateral area, compute the ratio of the diameter of the circular base to the side
of the square base.
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INDIVIDUAL QUESTIONS
SOLUTIONS

I-1.  Applying the quadratic formula and simplifying gives the roots, m + 1
Then ~2<m-1<m+1<4 leadsto -1 <m<3.

I-2.  We have the following information:

numberof  cost per

people person total cost
origi;z-iﬁy --------- n o X - "-";1; -----------
10dropout n-10  x+1 - 10)x + 1)
Smoe n-25 x+3  (0-25x+3)

The cost is always the same, so we have
{(n - 10)(x + 1) = nx

(n - 25)(x + 3) = nx
These equations reduce to:
n-10x = 10
{311 -25x=175

Solving this system of equations by eliminating x, we find that n = 100 people.

I-3. Clearly, regions I, I1, I, and IV are each one quarter of D
a circle of radius 2 and therefore are all of equal area.
Therefore, the original enclosed area, ABCD is equal
to that of the rectangle AEFC which is (2)(4) = 8.
I 1I
A Cc
oI v
E F





[image: image17.png]I4. If he bought x oranges at 3 for 16¢, and 2x oranges at 4 for 21¢, he paid a total of

(x) (%6—) + (Zx)(%Tl) cents. To make a 20% profit, he must make 1.20 times this amount.

k
That is equivalent to selling 3x oranges at 3 cents each.

So we have, 1.2 (_l_g_x + 4—‘2‘)(—) = 3x (g) which yields k = 19.
- 5 7
I-5. Beginning to compute: 1 + 5+ 2+ 5 +3+ ) + o,
oo 243 s b 5, 1
wenotice the pattern: - + 5 + 5 + 5 + - 5
which equals: %(2 +3+4+5+ - +17)
Since 1+ 2+ 3 + ---+17=@,

wehave%(2+3+4+5+ -+ 17) = %(17(18) - 1]= 76.

I-6. Let r and h be the radius and height of the cylinder. Let x andy be the side of the base and the
height of the box. Then the equal volumes are: mrth = xzy and the equal areas are 2nrh = 4xy.
nr’h X'y r _x r 2

Dividing these equations, we obtain: mh S Ay . 2 T 4 -
d
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RELAY QUESTIONS

R-1. In right triangle ABC,
AD = AE and CF = CE asshown. E
If /DEF = x°, compute x.

(NOTE: Do not include the degrees symbol when
passing your answer back.)

R-2. Let t be TNYWR.

In acute triangle ABC, AB =BC. The altitude from C meets ‘AB at F.
If AF:BF= t:15, Compute cos B.

R-3. Let t be TNYWR, and let p =4t.

The perimeter of a rectangle is p centimeters. A new rectangle is formed whose sides are each x
centimeters longer (x > 0) than those of the original rectangle. If the new area is x square
centimeters more than the original area, compute x.

R—4. Let t be TNYWR.

If the three digit number A B C isdecreased by the sum of its digits, the result is a perfect
square. Compute the smallest three-digit number with this property, where A = 4t.

R-5. Let t be TNYWR.

For any straight line, let m and b represent its slope and y-intercept, respectively.
Consider all lines having the property that 2m +b=t.
These lines all contain the common point, (x,, y,}. Compute the ordered pair, {x,, ¥i)-




[image: image19.png]MCWP SENIOR HIGH MATHEMATICS LEAGUE
1997-1998 SEASON FINALS
APRIL 21, 1998

RELAY QUESTIONS

SOLUTIONS
A
R~1. Letangle AED =p and angle CEF =q. Then
180 - A 180 - C E
180=p+g+x= 3 + 3 + X D q
=180+X—A;C=180+x—45 = . c
x =45, B F M
C
R-2. t=45
Let AF =tk and BF = 15k. Then BC =BA = (15 + t)k.
15k 15 15 1
Now, cos B = A5+0k 15+t 60 4 B 15K tkA

R-3. t= % and therefore, p = 1 Let the dimensions of the original rectangle be a and b.

Then @+ x)b+x)=ab+x = x(a+b)+x’=x = a+b+x=1

R-4. t = = . The difference equals 100A + 10B + C-(A+B+C)=99A +9B =9(11A + B).
Then 11A + B must be a square. Since A = 4t, A=2. Therefore, B =3 (to yield 11A + B = 25).

To obtain the smallest such 3-digit number, choose C = { which produces 230.

R-5. t=230. Since 2m +b=t, we have b =t — 2m.
The equation of each line is of the form, y = mx +b = mx +(t — 2m), or y =m(x-2) +t.

This is the point-slope form of a set of lines, all of which pass through (2,t),

so0 the common point is (2, 230)





