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. DONOT OPEN THIS BOOKLET UNTIL YOUR PROCTOR GIVES THE SIGNALTO

BEGIN.

This is a 25-question, multiple choice test. Each question is followed by answers marked
A, B, C, Dand L. Only one of these is correct.

Mark your answer to each problem on the AMC 12 Answer Form with a #2 pencil.
Check the blackened circles for accuracy and erase errors and stray marks completely. Only
answers properly marked on the answer form will be graded.

SCORING: You will reccive 6 points for each correct answer, 2.5 points for each problem
left unanswered, and 0 points for each incorrect answer.

. Noaids arc permitted other than scratch paper, graph paper, ruler, compass, protractor,

erasers and calculators that are accepted for use on the SAT. No problems on the test will
require the use of a calculator.

Figures are not necessarily drawn to scale.

Before beginning the test, your proctor will ask you to record certain information on the
answer form. When your proctor gives the signal, begin working the problems. You will
have 75 MINUTES to complete the test.

When you finish the exam, sign your name in the space provided on the Answer Form,
Students who score 100 or above or finish in the top 5% on this AMC 12 will be invited to 1ake
the 23" annual American Invitational Mathematics Examination (AIME) on Tuesday, March
8, 2005 or Tuesduy, March 22, 2005. More details about the AIME and other informa-
tion are on the back page of this test bookler.

The Committee on the American Mathematics Competiti

5 (CAMC) reserves the right to re-examine stu
5o reserves the right to
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. A scout troop buys 1000 candy bars at a price of five for $2. They sell all the

candy bars at a price of two for $1. What was their profit, in dollars?

(A) 100 (B) 200 (C) 300 (D) 100 (E) 500
A positive number x has the property that % of z is 4. What is 27
(A) 2 (B) 4 (C) 10 (D) 20 (E) 40

Brianna is using part ol the money she earned on her weekend job to buy several
equally-priced CDs. She used one fifth of her money to buy one third of the
CDs. What fraction of her money will she have left after she buys all the CDs?

() 3 ®) © 3 ® 3 ®

At the beginning of the school year, Lisa’s goal was to carn an A on at least
80% of her 50 quizzes for the ycar. She carned an A on 22 of the first 30 quizzes.
If she is to achicve her goal, on at most how many of the remaining quizzes can
she earn a grade lower than an A?

(A)1 (B)2 (©3 (D) 4 (E) 5

An 8-foot by 10-foot floor is tiled with square Liles of size 1 foot by 1 foot.
Each tile has a pattern consisting of four white quarter circles of radius 1/2 foot
centered at each corner of the tile. The remaining portion of the tile is shaded.
How many square feet of the floor are shaded?

(A)80-20n (B)60—10r (C)80-10r (D)60+ 07 (E) 80+ 107

In AABC, we have AC' = BC = 7 and AB = 2. Suppose that D is a point on
line AB such that B lics between A and D and CD = 8. What is BD?

(A) 3 (B) 2/3 (©) 4 D)5 (B) 4v3
What is the area enclosed by the graph of 37| + [4y| = 127
(A) 6 (B) 12 (C) 16 (D) 24 (E) 25

For how many values of @ is it true that the line y = x + a passes through the
vertex of the parabola y = 2% + a??

(A) O (B) 1 (C) 2 (D) 10 (E) infinitely many

Ou a certain math exam, 10% of the students got 70 points, 25% got 80 points,
20% got 85 points, 15% got 90 points, and the rest got 95 points. What is the
difference between the mean and the median score on this exam?

(A)0 B)1 ©2 (D) 4 (E) 5

10.

11.

12.

14.

15,

16.

17.

18.
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The first term of a sequence is 2005. Each succeeding term is the sum of the
cubes of the digits of the previous term. What is the 2005 term of the se-
quence?
(A) 29 (B) 55 (C) 85

(D) 133 (E) 250

An envelope contains eight bills: 2 ones, 2 fives, 2 tens, and 2 twenti Two
bills are drawn at random without replacement. What is the probability that
their sum is $20 or more?

) ® 2

3 1 2
C) - D) - E) -
© 3 (D) 4 ®)
The quadratic equation 22 + ma + n = 0 has roots that are twice those of
2 4+ pr +m = 0, and nonc of m, n aud p is zero. What is the value of n/p?

(A)1 (B)2 (C) 4 (D)8 (E) 16

Suppose that 471 = 5, 572 = 6, 6% = 7,...,127%124 = 128. What isxywg - -- 23047
5 7

(a2 ®) 2 ©3 (@) 3 (®) 4

A circle having center (0, k), with &k > 6, is tangent to the lines y =, y = —2

and y = 6. What is the radius of this circle?

(A) 6v2 -6 (B) 6 (C) 6v2 (D) 12 (BE) 6 + 6v2

The sum of four two-digit numbers is 221. None of the eight digits is 0 and no
two of them are the same. Which of the following is mot included among the
eight digits?
(A) 1 (B) 2 C) 3

(D) 4 (E) 5

Cight spheres of radius 1, one per octant, are each tangent to the coordinate
plancs. What is the radius of the smallest sphere, centered at the origin, that
contains these cight spheres?

(A) v2 (B) v3 (C)1+v2 (D) 1+V3

How many distinet four-tuples (a, b, ¢, d) of rational numbers are there with

(E) 3

alogo 2+ blogy 3 + clogy, 5 + dlog,o 7 = 20057
(A)O (C) 17

Let A(2,2) and B(7,7) be points in the planc. Define R as the region in the
first quadrant consisting of those points C such that AABC is an acutc triangle.
What is the closest integer to the area of the region R?

(A) 25 (B) 39 (©) 51 (D) 60

(B)1 (D) 2004 (E) infinitely many

(E) 80

Let = and y be two-digit integers such that y is obtained by reversing the digits
of 2. The integers « and y satisfy 22 — y? = m? for somc positive integer m.
What is ¢ +y +m? -

(A) 88 (B) 112 (C) 116

(D) 144 (E) 154
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Let a,b,¢,d, e, f,g and I be distinct elements in the set

{=7,-5,-3,-2,2,4,6,13}.
What is the minimum possible value of
(a+btct+d?+(e+ f+g+h)?*
(A) 30 (B) 32 (C) 1 (D) 40 (E) 50

A positive integer n has 60 divisors and 7n has 80 divisors. What is the greatest
integer k such that 7% divides n?

(A) O B)1 (C) 2 (D)3 (E)4
A scquence of complex numbers 2o, 21, 22, . . . is defined by the rule

$Zn

Zntl = —

N;
where Z is the complex conjugate of z, and i2 = —1. Supposc that |z = |
and zagps = 1. How many possible values are there for 297
(A) 1 (B) 2 (C) 4 (D) 2005 (E) 2200°

Let S be the set of ordered triples (x,y, z) of rcal numbers for which
logig(z +4) =z  and  log,y(z? +¢%) =2+ 1.

There are real numbers a and b such that for all ordered triples (
have 2% +¢° = a - 10%* + b- 10%*, What is the value of a + b?

)y ® 2 © 15 ®)

)in S we

(E) 24

All three vertices of an equilateral triangle are on the parabola y = #2, and onc
of its sides has a slope of 2. The 2-coordinates of the three vertices have a sum
of m/n. where m and n are relatively prime positive integers. What is the value
of m +n?

(A) 14 (B) 15 (C) 16 (D) 17 (E) 18

Six ants simultaneously stand on the six vertices of a regular octahedron, with
each ant at a different vertex. Simultaneously and independently, cach ant moves
from its vertex to one of the four adjacent vertices, each with equal probability.
What is the probability that no two ants arrive at the same vertex?”
5 21 11 23 3
A) — B) —— —_ D E
(8) 256 (B) 1024 © 512 @) 1024 ®) 128
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1. (A} The scouts bought 1000/5 = 200 groups of five candy bars at a total cost
of 200 - 2 = 400 dollars. They sold 1000/2 = 500) groups of two candy bars for a
total of 500 - 1 = 500 dollars. Their profit was $500 — $400 = $100.

2. (D) We have
T x=4, so x?=400.
100

Because z > 0, it follows that z = 20.

3. (C) The number of CDs that Brianna will finally buy is three times the number
she has already bought. The fraction of her money that will be required for all
the purchases is (3)(1/5) = 3/5. The fraction she will have left is 1 -3/5 = 2/5.

4. (B) To earn an A on at least 80% of her quizzes, Lisa needs to receive an A on
at least (0.8)(50) = 40 quizzes. Thus she must earn an A on at least 40 —-22 = 18
of the remaining 20. So she can earn a grade lower than an A on at most 2 of
the remaining quizzes.

5. (A) The four white quarter circles in each tile have the same area as a whole
circle of radius 1/2, that is, 7(1/2)? = 7/4 square feet. So the area of the shaded
portion of cach tile is 1 — 7/4 squarce feet. Since there are 8- 10 = 80 tiles in the
entire floor, the area of the total shaded region in square feet is

%AT mv = 80 — 207

6. (A) Let CH be an altitude of AABC. Applying the Pythagorean Theorem to
ACHB and to ACH D produces

82 - (BD+1)?=CH?>=7"-12=48, so (BD+1)’=16.

Thus BD = 3.
c
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7. (D) The graph is symmetric with respect to both coordinate axes, and in the
first quadrant it coincides with the graph of the line 3z + 4y = 12. Thercfore
the region is a rhombus, and the area is

Area =4 Q& . .&v =

y

-3

8. (C) The vertex of the parabola is (0,a?). The line passes through the vertex if
and only if a® = 0 4+ a. There are two solutions to this equation, namely a = 0
and a = 1.

9. {B) The pereentage of students getting 95 points is
100 — 10 ~ 25 — 20 — 15 = 30,
50 the mean score on ﬁrm exam is
0.10(70) + 0.25(80) + 0.20(85) + 0.15(90) + 0.30(95) = 86.

Since fewer than half of the scores were less than 85, and fewer than half of the
scores were greater than 85, the median score is 85. The difference between the
mean and the median score on this exam is 86 — 85 = 1.

10. (E) The sequence begins 2005, 133, 55, 250, 133, . ... Thus after the initial term
2005, the sequence repeats the cycle 133, 55, 250. Because 2005 = 1 + 3 - 668,
the 2005t" term is the same as the last term of the repeating cycle, 250.

52 =28
2/ T 6l-20 T

ways to choose the bills. A sum of at least $20 is obtained by choosing both
$20 bills, one of the $20 bills and one of the six smaller bills, or both $10 bills.
Hence the probability is

11. (D) There are

1+2.6+1 14 1

28 T2 2
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12. (D) Let r; and 72 be the roots of z24+-pzr+m = 0. Since the roots of 22 +ma+n =

0 are 2ry and 2ry, we have the following relationships:

m=rirs, n=dmra, p=—(r+ra), and m=—2(r+ra).
So 1 4
n=4m, p=-m, and L % =8.
2 v 3m
OR
The roots of i
Amvﬁ (3)+m=0
2) TP\g =
are twice those of 22 4 pr + m = 0. Since the first cquation is equivalent to
22 4 2px + 4m = 0, we have
m=2p and n=4m, so WHm.
13. (D) Since 4%t =5, 5%2 = 6,..., 127724 = 128, we have
4772 = 198 = 1277120 = (126120)7120 = 26T T = .. = 4TIT2TI2, 5.
So 219+ T124 = T/2.
OR
We have
2122 X124 =108, 5 - logg 6+« - log .7 128
log5 log6 log128 logl28 log2” 7log2 7
Tlog4 logs  log127  log4  log22  2log2 2

11. (E) Let O denote the origin, P the center of the circle, and r the radius. A

radius from the center to the point of tangency with the line y = z forms a
right triangle with hypotenuse OP. This right triangle is isosceles since the line
y =z forms a 45° angle with the y-axis. So

_s
V21

rV2=r+6 and r =6v2+6.

16.

2005 56" AMC 12 B

=]

Solutions
OR

Let the line ¥y = —x intersect the circle and the line y = 6 at M and K,
respectively, and let the line y = z intersect the circle and the line y = 6 at N
and L, respectively. Quadrilateral PMON has four right angles and MP = PN,
so PMON is a square. In addition, MK = KJ =6 and KO = 6v/2. Hence

r=MO=MK+KQ=6+6V2

X

(D) The sum of the digits 1 through 9 is 45, so the sum of the eight digits
is between 36 and 44, inclusive. The sum of the four units digits is between
1+2+3+4=10and 6+ 7+8+9 = 30, inclusive, and also ends in 1. Thercfore
the sum of the units digits is either 11 or 21. If the sum of the units digits is
11, then the sum of the tens digits is 21, so the sum of all eight digits is 32, an
impossibility. If the sum of the units digits is 21, then the sum of the tens digits
is 20, so the sum of all eight digits is 41. Thus the missing digit is 456 — 41 = 4.
Note that the numbers 13, 25, 86, and 97 sum to 221.

OR

Each of the two-digit numbers leaves the same remainder when divided by 9
as does the sum of its digits. Therefore the sum of the four two-digit numbers
leaves the same remainder when divided by 9 as the sum of all eight digits. Let
d be the missing digit. Because 221 when divided by 9 leaves a remainder of
5, and the sum of the digits from 1 through 9 is 45, the number (45 — d) must
leave a remainder of 5 when divided by 9. Thus d = 4.

(D) The centers of the unit spheres are at the 8 points with coordinates (£1, £1, +1

which are at a distance
VIZ+124+12=13

from the origin. Hence the maximum distance from the origin to any point on
the spheres is 1+ v/3.
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(B) The given equation is equivalent to
logyy Awa

Let M be the least common denominator of a, b, ¢ and d. 1t follows that

b5 79) = 2005, so 2°-37.5°. 7% = 102005 = 2005 52005,

oMa  gMb gMe Md _ g2005M  52005M

Since the cxponents are all integers, the Fundamental Theorem of Arithmetic
implies that

Ma=2005M, Mb=0, Mc=2005M, and Md=0.

Henee the only solution is (a, b, ¢, d) = (2005, 0, 2005,0).

(C) For AABC to be acute, all angles must be acute. For ZA to be acute,
point €' must lie above the line passing through A and perpendicular to AB.
The segment of that line in the first quadrant lies between (4,0) and Q{0, 4).
For ZB to be acute, point ' must lie below the line through B and perpendicular
to AB. The segment of that line in the first quadrant lies between S(14,0) and
T(0,14). For ZC to be acute, point C must lie outside the circle U that has
AB as a diameter. Let O denote the origin. Region R, shaded below, has area
equal to

Area(AOST) — Area(AOPQ) — Area(Circle U) = W 147 — W 4% )
25

H@oiqmla\hm&

(E) By the given conditions, it follows that z > y. Let z = 10a 4+ b and
y = 10b + a, where a > b. Then

m? =2 — y? = (10a + b)? — (106 + a)? = 990> — 996% = 99(a® — b7).
Since 99(a® — b2) must be a perfect square,
a® — b = (a+b)(a —b) = 117,

for some positive integer k. Because a and b are distinct digits, we have a — b <
9-1=8anda+b<9+8=17 It follows that a +b=11,a—b=k* and k
is either 1 or 2.

20.

21.

22.
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If £ = 2, then (a,b) = (15/2,7/2), which is impossible. Thus £ = 1 and
(a,b) = (6.5). This gives x = 65, y = 56, m = 33, and « +y +m = 154.

(C) Note that the sum of the elements in the set is 8. Let t =a+b+c+d, so
e+ f+g+h=8—x Then

(a+btctd?+(e+frg+hiP=a"+8-=2)
=22% — 16z + 64 = 2(z — 4)? + 32 > 32.
The value of 32 can be attained if and only if = 4. However, it may be assumed

without loss of generality that ¢ = 13, and no choice of b, ¢, and d gives a total
of 4 for z. Thus (z — 4)2 > 1, and

(a+btrctd?+e+f+g+h?=20x-42+32>34

A total of 34 can be attained by letting a, b, ¢, and d be distinct elements in the
set {—7,-5,2,13}.

(C) Let n = 7%Q, where @ is the product of primes, none of which is 7. Let d
be the number of divisors of Q. Then n has (k+ 1)d divisors. Also 7n = 7541,
s0 7n has (k + 2)d divisors. Thus

k+2)d 80 4
i“%“m and 3(k+2) =4(k+1).

Hence k = 2. Note that n = 21972 meets the conditions of the problem.

(E) Note that

iz, izl iz2
Inpl = —m = — 2 = o
Zn ZnZn |7l
Since |zl = 1, the sequence satisfics
.2 a2 e 4
z =iz, 2 =iz =i(iz)) = —izg,
and, in general, when k > 2,
L ak
2 = —izf .
2005 2005
Hence zo satisfies the equation 1 = i.m% v, 50 N% ) = i. Because every

nonzero complex number has n distinet nth roots, this equation has 22°0% solu-
tions. So there are 229°% possible values for zg.

OR

Define
cisf = cosf + isiné.
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Then if z,, = rcis # we have

cis (6 4 90°) .
Il = o ) = cis (26 + 90°).
The first terms of the sequence are zg = cisa, z1 = cis (20 + 90°) = 23,
4 8

75 = cis (da + 270°) = cis (4o — 90°) = X, z3 = cis (B — 90°) = 2, and, in
general,
A2
Zn = 0 forn > 2.

wncam
22005 = ———— =1 and Nw )=

chcm

As before, there are possible solutions for 2.

(B) From the given conditions it follows that
z+y=10°, 2 +32=10.10° and 10% = (z+y)* =2"+ 2y +¢"
Thus 1
Ty = m:ow — 10-10%).
Also

(c+y)? =10 and 2°+3° = (z+9)° - 3zylz +y),
which yields

4+ y® =10% - waow —10- 107)(10%)
3

=10% — mao& —10-10%) = \WSQN +15-10%,

ms&m+@nlw+Hme@\w.

No other value of a + b is possible for all members of S, because the triple
(31 +v19), 30— v19),0) is in S, and for this ordered triple, the equation

23 4+ 4% =a - 10% + b - 10% reduces to a + b = 29/2.

(A) Suppose that the triangle has vertices A(a,a?), B(b,6?) and C(e,¢*). The
slope of line segment AB is

b2 — a?

e Ttte

so the slopes of the three sides of the triangle have a sum

@+3+?+s+€+sum.m.

Solutions 2005 56" AMC 12 B 9

The slope of one side is 2 = tan 0, for some angle 6, and the two remaining sides
have slopes

. 3 2+
tan QW.HV _ tané + tan{r/3) _ V3 Hlmu‘nm,\w‘
3 1Ftanftan(m/3)  132v3 11
Therefore
m_1(, 8+5/3 8-5/3) 3
n 2 11 11 TN

and m+n = 14.

Such a triangle exists. The z-coordinates of its vertices are (11 £5v/3)/11 and
—19/11.

OR

Dmmawmlarm vertices as in the first solution, with the added stipulations that a < b
and AB has slopc 2. Then

2=—"=b+a, so a=1l—-kandb=1+k,

for some k > 0. If D is the midpoint of AB, then

bu AHEV ua;t}.

The slope of the altitude ¢'D is ~1/2, so

l—c=2(c2—1-k%).

Therefore
CD?=(1-c+(2—1-k)" = wﬁ -
Because AABC is cquilateral, we also have
cp? = M>mm - M ((2h)% + (45)?) = 15K2.
Hence . 1 2
MA— —o)r=15k%, s0 k'= %

Substitution into the equation 1~ ¢ = 2(c? — 1 — k?) yields ¢ = 1 or ¢ = —19/11.
Because ¢ < 1, it follows that

1 3 1
9+@+nﬂm\\cu ==

a1 o so m+n=14.
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25. (A) Because each ant can move from its vertex to any of four adjacent vertices,
there arc 4% possible combinations of moves. In the following, consider only
those combinations in which no two ants arrive at the same vertex. Label the
vertices as A, B, C, A', B’ and (', where A’, B’ and C’ are opposite A, B
and C. respectively. Let f be the function that maps each ant’s starting vertex
onto its final vertex. Then neither of f(A) nor f(A’) can be either A or A’, and
similar statements hold for the other pairs of opposite vertices. Thus there are
4.3 = 12 ordered pairs of valucs for f(A) and f(A’). The vertices f(A) and
F(A’) are opposite each other in four cases and adjacent to each other in eight.

Suppose that f(A) and f(A’) are opposite vertices, and, without loss of gener-
ality, that f(A) = B and f(A’) = B’. Then f(C) must be either A or A’ and
F(C") must be the other. Similarly, f(B) must be either C' or C' and f(B')
must be the other. Therefore there are 4 -2 -2 = 16 combinations of moves in
which f{A) and f(A’) are opposite each other.

Suppose now that f(A) and f(A4’) are adjacent vertices, and, without loss of
generality, that f(A) = B and f{A") = C. Then onc of f(B) and f(B’) must be
(" and the other cannot be B’. So there are four possible ordered pairs of values
for f(B) and f(B’). For each of those there are two possible ordered pairs of
values for f(C) and f{C’). Therefore there are 8 - 4 -2 = 64 combinations of
moves in which f(A) and f(A’) are adjacent to each other.

Hence the probability that no two ants arrive at the same vertex is
16+64 5.2 5

£ 217~ 256"





