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1. DONOT OPEN THIS BOOKLET UNTIL TOLD TO DO SOBY YOUR PROCTOR.

2. This is a twenty-five question, multiple choice test. Each question is followed by
answers marked A, B, C, D and E. Only one of these is correct.

3. The answers to the problems are to be marked on the AMC 12 Answer Form with a #2
pencil. Check the blackened circles for accuracy and erase errors and stray marks
completely. Only answers properly marked on the answer form will be graded.

4. SCORING: You will receive 6 points for each correct answer, 2.5 points for each
problem left unanswered, and O points for each incorrect answer.

5. No aids are permitted other than scratch paper, graph paper, ruler, compass, protractor,
erasers and calculators that are accepted for use on the SAT. No problems on the test
will require the use of a calculator.

6. Figures are not necessarily drawn to scale.

7. Before beginning the test, your proctor will ask you to record certain information on
the answer form. When your proctor gives the signal, begin working the problems.
You will have 75 MINUTES working time to complete the test.

8. When you finish the exam, sign your name in the space provided on the Answer
Form.

Students who score 100 or above or finish in the top 5% on this AMC 12 will be invited
to take the 21st annual American Invitational Mathematics Examination (AIME) on
Tuesday, March 25, 2003 or Tuesday, April 8 2003. More details about the AIME and
other information are on the back puge of this test booklet.

The Committee on the American Mathematics Competitions (CAMC) reserves the right to re-examine students
before deciding whether to grant official status to their scores. The CAMC also reserves the right to disqualify all
scores from a school if it is determined that the required security procedures were not followed.

The publication, reproduction, or communication of the problems or solutions of the AMC 12 during the
period when students arc cligible to participate seriously jeopardizes the integrity of the results. Dupli-
cation at any time via copier, telephone, eMail, World Wide Web or media of any type is a violation of the
copyright law,
Copyright € 2003, Committee on the American Mathematics Competitions,
Mathematical Association of America
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1. What is the difference between the sum of the first 2003 even counting
numbers and the sum of the first 2003 odd counting numbers?

(A)0 (B)1 (C)2 (D)2003 (E) 4006

2. Members of the Rockham Soccer League buy socks and T-shirts. Socks
cost $4 per pair and each T—shirt costs $5 more than a pair of socks. Each
member needs one pair of socks and a shirt for home games and another

pair of socks and a shirt for away games. If the total cost is $2366, how
many members are in the League?

(A)77  (B)91 (C)143 (D)182 (E) 286

3. A solid box is 15 cm by 10 cm by 8 em. A new solid is formed by removing
a cube 3 cm on a side from each corner of this box. What percent of the
original volume is removed?

(A)45 (B)9 (C)12 (D)18 (E)24

4. Tt takes Mary 30 minutes to walk uphill 1 km from her home to school,
but it takes her only 10 minutes to walk from school to home along the
same route. What is her average speed. in km/hr, for the round trip?

(A)3 (B)3125 (C)335 (D)4 (E)45

5. The sum of the two 5-digit numbers AMC10 and AMC12is 123422, What
s A+ M+C?
(A) 10 (B) 11 (C) 12 D) 13 (E) 14

6. Define Uy to be |z — y| for all real numbers z and y. Which of the
following statements is not true?

(A) 20y = yOx for all 7 and y
(B) 2(zVy) = (22)0(2y) for all z and y (C) 200 =z for all z
(D) z0z =0 for all = (E) z0y > 0ifz#y
7. How many non-congruent triangles with perimeter 7 have integer side
lengths?
(o)1 (B)2 (©)3 (D)4 (B)s5

8. What is the probability that a randomly drawn positive factor of 60 is less
than 7?7
@Wp ®
10

1 1 1 1
g ©; O3 ® 2
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9. A set S of points in the xy-plane is symmetric about the origin, both
coordinate axes, and the line y = z. If (2.3) is in S, what is the smallest
number of points in 57

(A)1 (B)2 (C)4 (D)8 (B)16

10. Al, Bert, and Carl are the winners of a school drawing for a pile of Hal-

loween candy, which they are to divide in a ratio of 3 : 2 : 1, respectively.
Due to some confusion they come at different times to claim their prizes,
and each assumes he is the first to arrive. If each takes what he believes to
be his correct share of candy, what fraction of the candy goes unclaimed?

W ®i ©F o5z ®3

11. A square and an equilateral triangle have the same perimeter. Let A be

the area of the circle circumscribed about the square and B be the area
of the circle circumscribed about the triangle. Find A/B.

3VE

= ®1

Wwx ®F ©n o

12, Sally has five red cards numbered 1 through 5 and four blue cards num-

bered 3 through 6. She stacks the cards so that the colors alternate and so
that the number on each red card divides evenly into the number on each
neighboring blue card. What is the sum of the numbers on the middle
three cards?

(A)8 (B)e (C)10 (D)1l (E)12
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The polygon enclosed by the solid lines in the figure consists of 4 congruent
squares joined edge-to-edge. One miore congruent square is attached to an
edge at one of the nine positions indicated. How many of the ninc resulting
polygons can be folded to form a cube with one face missing?

(A)2 (B)3 (©)4 (D)5 (E)6

Points K, L, M, and N lie in the plane of the square ABCD so that
AKB, BLC, CMD, and DNA are equilateral triangles. If ABCD has

an area of 16, find the area of KLMN.
K

M

(A)32 (B)16+16vV3 (C)48 (D)32+16V3 (E) 64
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15. A semicircle of diameter 1 sits at the top of a semicircle of diameter 2,

as shown. The shaded area inside the smaller semicircle and outside the
larger semicircle is called a fune. Determine the area of this lune.

16. A point P is chosen at random in the interior of equilateral triangle ABC.

What is the probability that AABP has a greater area than each of
AACP and ABCP?

Wi ®; ©; O3 ®]

17. Square ABCD has sides of length 4, and M is the midpoint of CD. A

circle with radius 2 and center M intersects a circle with radius 4 and
center A at points P and D. What is the distance from P to AD?

w3 ®E ©F O ®;

A B
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Let n be a 5-digit number, and let g and r be the quotient and remainder,
respectively, when n is divided by 100. For how many values of n is ¢+ r
divisible by 117

(A) 8180 (B)8181 (C)8182 (D) 9000  (E) 9090

A parabola with equation y = az® + bz + ¢ is reflected about the -
axis. The parabola and its reflection are translated horizontally five units
in opposite directions to become the graphs of y = f(z) and y = g(z),
respectively. Which of the following describes the graph of y = (f +g)(z)?

(A) a parabola tangent to the z-axis

(B) a parabola not tangent to the z-axis (C) a horizontal line

(D) a non-horizontal line (E) the graph of a cubic function

How many 15-letter arrangements of 5 A’s, 5 B's, and 5 C’s have no A's
in the first 5 letters, no B's in the next 3 letters, and no C’s in the last 5
letters?

m \.w
Wwy() ®mrEr ©F ol @

pa N

The graph of the polynomial
Py =2 +azt + b’ +cx® +dz + e

has five distinct z-intercepts, one of which is at (0,0). Which of the
following coefficients cannot be zero?

A)a B)b (©c¢ (D)yd (B)e

Objects A and B move simultaneously in the coordinate plane via a se-
quence of steps, each of length one. Object A starts at (0,0) and each of
its steps is either right or up, both equally likely. Object B starts at (5, 7)
and each of its steps is either left or down, both equally likely. Which of
the following is closest to the probability that the objects meet?

(A)0.10 (B)0.15 (C)020 (D)025 (E)0.30

3t...917

How many perfect squares are divisors of the product 1!-
(A) 504 (B) 672 (C) 864 (D) 936 (E) 1008

If a > b > 1, what is the largest possible value of log,{a/b) + log,(b/a)?
Aay-2 ®o (2 O3 (E4

25.
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Let f(z) = vVaz? + bz. For how many real values of  is there at least one
positive value of b for which the domain of f and the range of f are the

same set?

(A) 0 (B) 1 (C) 2 (D)3 (E) infinitely many
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(C) Rescaling to different units does not. affect the ratio of the areas,
g0 let the perimeter be 12. Each side.of the square then has length 3,
and each side of the triangle has length 4. The diameter of the circle
circumscribing the square is the diagonsl of the square, 34/2. Thus A =
n(3v/2/2)% = 9n/2. The altitude of the triangle is 2v/3, so the radius of the
circle circumscribing the triangle is 4v/3/3, and B = n(4v/3/3)? = 16x/3.
Therefore

= e —

B 2 16x 32

(E) Let R1, ..., R5 and B3, ..., B6 denote the numbers on the red and
blue cards, respectively. Note that R4 and RS divide evenly into only B4
and BS, respectively. Thus the stack must be R4, B4, ..., B5, R5, or the
reverse. Since R2 divides evenly into only B4 and B6, we must have R4,
B4, R2, B6, ..., B5, R5, or the reverse. Since R3 divides evenly into only
B3 and B6, the stack must be R4, B4, R2, B6, R3, B3, R1, BS, R5, or the
reverse. In either case, the sum of the middle three cards is 12.

(E) ¥ the polygon is folded before the fifth square is attached, then edges
a and o’ must be joined, as must b and . The fifth face of the cube can
be attaclied at any of the six remaining edges.

55

(D) Quadrilateral KLMN is a square because it has 90° rotational sym-
metry, which implies that each pair of adjacent sides is congruent and
perpendicular. Since ABCD has sides of length 4 and K is 24/3 from side
AB, the length of the diagonal KM is 4+ 4v/3. Thus the area is

wﬁ+ 4/3) = 32+ 16V3.
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Note that m((NAK) = 180°. By the Law of Cosines,

(NKY u»ﬁum —2(4)(4) A umv =32+16V3.

Since Nhgzswé its area is (NK)? = 32 + 16v/3.

(C) First note that the area of the region determined by the triangle ‘

topped by the semicircle of diameter 1 is

57 t37\3) =3 tg™

e (3) -2

The ares of the lune results from u:E_.SaEn from =§_ the area of the

sector of the larger semicircle,

16.

17.
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Note that the answer does not depend on the position of the lune on the
semicircle.

(C) Since the three triangles ABP, ACP, and BCP have equal bases,
their areas are proportional to the lengths of their altitudes.

Let O be the centroid of AABC, and draw medians AOE and BOD.
Any point above BOD will be farther from AB than from BC, and any
poirit above AOE will be farther from AB than from AC. Therefore the
condition of the problem is met if and only if P is inside quadrilateral
CDOE.

1£ T0 i extended to F on AB, then AABC is divided into six congruent
triangles, of which two comprise quadrilateral CDOE. Thus CDOE has
one-third the area of AABC, so the required probability is 1/3.

OR

By symmetry, each of AABP, AACP, and ABCP is largest with the
same probability, so the probability must be 1/3 for each.

(B) Place an zy-coordinate system with origin at D and points C and A
on the positive - and y-axes, respectively. Then the circle centered at M
has equation

-2+ =4,

and, the circle centered at A has equation

224 (y—4)* =16.

Solving these equations for the coordinates of P gives z = 16/5 and y =
8/5, so the answer is 16/5.
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19, (D) The original parabola has equation y = alx — h)? 5k, for some'a, h,
_and k, with a # 0. The reflected parabola has equation y = —a(z—h)?—k.
‘The translated parabolas have equations

M) =az-hE5) +k and ola) = —a(e-hF ) -k,

B
- (f + 9)(#) = £20a(z ~ k).
Since a # 0, the graph is a non-horizontal line.

{A) Since the first group of five letters contains no A’s, it must contain k
B’s and (5 — k) C's for some integer k with 0 < k < 5. Since the third
group of five letters contains no C’s, the remaining & C’s must be in the
;second group, along with (5 — k) A's.

"+ Siniflhrly, the third group of five letters must contain & A’s and (5 — k)
B's. Thus each arrangement that satisfies the conditions is determined
uniquely by the location of the k B’ in the first group, the k C's in the .
second group, and the k A’s in the third group.

4 'aliéh K, the letters can be arranged in (%)° ways, so the total number
§Bo=».m is

% >()

k=0

OR

We have AP = AD =4 and PM = MD =2, so AADM is congruent to
AAPM, and LAPM is & right angle. Draw PQ and PR perpendicular
to AD and CD, respectively, Note that ZAPQ and ZMPR are both
complements of ZQPM. Thus AAPQ is similar to AMPR, and :

E Guwﬁbnn P(D) = 0, we have e = 0 and P(z) = z(z* +az® +ba® +cx+d).
i A

AQ AP 4 ¢ , 2 e=02

ﬂﬂﬁlmlm ;m»%vﬂunrﬁarmmoﬁﬁgﬁms-_bgngvﬁﬁmgﬁFﬁwuam. Then
Let MR = z. Thep AQ = 2%, PR = QD = 4~2x,aud PQ = RD = z42. 2 +ar® +ba? tez+d=(@-p)z- g1}z —3),
Therefore 4o AQ _PQ_z+2 (U and d o pars 0. ,

"MBETPR T iz w07 Any of the other constants could be zero. For example, consider
%02 =6/5 and PQ = 6/5+2 = 16/5. Pi(z)=2* —5® +da = 2(z + Dz + DN - V(= - 2)

- OR
. and
Let ZMAD = a. Then

(B) Note that n = 100g + r = g + r + 99g. Hence ¢+ r is divisible by 11
if and only if n is divisible by 11. Since 10,000 < n < 99,999, there ae#
99909 | . | 9999 :

_~|H|~|._ - —rﬂu._ = 9090 — 909 = 8181

such numbers.

‘ , - g - Py(z) = 25 = 524 + 2022 — 16z = 2(z + 2)(z - 1)(z — 2)(z — 4).
PQ = (PA)sin(.PAQ) = 4sin(20) um.sn§enwAQ.va Aﬂmﬂv = mm.. . ‘ .

OR
Since P(0) = 0, we must have e = 0, 80
P(z) = 2(z* + az® + ba® + cz + d).
1f d = 0, then

P(z) = o{zt 4 oz + bae® + cx) = 2z + az? + bz + ©),
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,sgwswﬁé_-asz.aw.v me.%m*o

OR "

There is also 3 nn—a:_._m.vﬁ& uq_ﬁ_ou mES Env —Sm five distict zeros
and = 0 i one of the zers, it miust be a zero of multiplicity cae This
is equivalent to having P(0) = 0, but P’(0) # 0. Since

Pi(z) = 524+ 4ar® + 3bs 4 2z +d, we must have 0% P/(0) =d.

(C) Since there are twelve steps between (0,0) and (5,7), A and B can
meet only after they hawe each moved ,_.E,%%m. The possible ‘meeting
places are Py = (0,6),' P.=(1,8), Fy.=(%4), Py =(3,3), Pu = (4,2),
and Py = (5,1); Let ay. ahd & dendte the numbet of paths to P; from
(0,0) and (5, 7), respectively. Since A has to take i steps to-the right and
Bhasgto takei+1 SaﬁgagngoménﬁEsEnrmEmmeE

meet at P is . . }
. 6 6
=N

Since A.and B can each take 2° paths in six steps, the probability that
they meet is

M_,U ) va _00+0ErEE+Q0+QOE) +O0

% 317

=
99

uakawc

OR

Consider the (%) walks that start at (0,0), end at. (5,7), and consist
of 12 steps, each one either up or to the right. There is a one-to-one
correspondence between these walks and the set of (A, B)-paths where A
and B meet: In particular, given one of the (') walks from (0,0) to (5,7),
the path followed by A consists of the the first six steps of the walk, and
the path followed by B is obtained by starting at (5,7) and reversing the
last six steps of the walk. There are 2 paths that take 6 steps from (0,0)
and 2° paths that take 6 steps from (5, 7), so there are 22 pairs of paths
that A and B can take. The probability that they meet is

1 /12y . 99
wngl:.Aavnmm.

(B) We have

1203000 =(1)(1-2)(1-2-3).--(1-2---9)
=192537485564738%0 = 2303135575,
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+.+." The perfect square:divisors of that produet are the:numbers of the form

i

wuawnrm»nﬂum

" with 02 <15 0<b<60<c<2 and0<d< 1. Thus there are

C&QX&XE = 672 such numbers.
Amv ‘We have ,

=log, a — log, b+ log, b - log, a
=1-log,b+1—log,a
=2 —log, b—log, a.

—omn 5 .:omv

Let.c = log, b, and note that ¢ > 0 since a and b are both-greater than 1.

. Thus

25.

1 A-2+1 (c—1)?
~nﬂ=v+~o@.tlwlnlil|n|lA )

c —C —C

<0.

?égaoéwaﬂnur that is, when a = b.
o ' OR

_omav.f_om_.v nlnlw

, From «rw gariag.naoiﬁzo Mean Inequality we rwﬁ

n+<a 2 yfe- 11 w0 c+lz2
2 c c

_om..m+_omamuwlﬂn+wv <0

with equality when ¢ = &, that is, when a = b.

Clad

(C) The domain of f is {x | ax?+bz > 0}. If 2 = 0, then for every positive
value of b, the domain and range of f are each equal to the interval [0, c0),
s0 0 is a possible value of a.

If @ # 0, the graph of y = az® + bz is a parabola with z-intercepts at
z =0 and z = ~bfa. If a > 0, the domain of f is (—oo, —b/a] U [0, 00),
but the range of f cannot contain negative numbers. If a < 0, the domain
of f is [0, ~b/a]. The maximum value of f occurs halfway between the
z-intercepts, at = = —b/2a, and
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:m&i?éﬁ.,asEﬁ\fj..:?ﬁ?%?sﬁE_%s{
equal, we must have .

b .- b . _
I.Ml.mﬂﬂ g0 W/-a= a.,
The only solution is a = —4, Thus there are two possible values of a, and
they are a =0 and 2 = —4.




