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1. DO NOT OPEN THIS BOOKLET UNTIL TOLD TO DO SO BY YOUR
PROCTOR.

9. This is a thirty-question multiple choice test. Each question is followed by
answers marked A, B, C, D and E. Only one of these is correct.

3. The answers to the problems are to be marked on the AHSME ANSWER FORM
with a #2 pencil. Check the blackened circles for accuracy and erase errors and
stray marks completely. Only answers properly marked on the answer form will
be graded.

4. SCORING RULES: You will receive 5 points for each correct answer, 2 points
for each problem left unanswered, and 0 points for each incorrect answer.

5. No aids are permitted other than scratch paper, graph paper, ruler, compass,
protractor, erasers and calculators that are accepted for use on the SAT. No
problems on the test will require the use of a calculator.

6. Figures are not necessarily drawn to scale.

7. Before beginning the test, your proctor will ask you to record certain information
on the Answer Form .

8. When your proctor gives the signal, begin working the problems. You will have
90 MINUTES working time for the test.

9. When you finish the exam sign your name in the space provided on the Answer
Form .

Students who score 100 or above on this AHSME will be invited to take the 16th annual

American Invitational Mathematics Examination (AIME) on Tuesday, March

17, 1998. More details about the AIME and other information are on the back page of this

test booklet.

The results of this AHSME are used to identify students with unusual mathematical ability. To
assure that this purpose is served, the Committee on the American Mathematics Competitions
reserves the right to re-examine students before deciding whether to grant official status to
individual or team scores. Re-examination will be requested when, after an inquiry, there
is reasonable basis to believe that scores have been obtained by extremely lucky guessing
or dishonesty. Official status will not be granted if a student or school does not agree to
a requested re-examination. The Committee also reserves the right to disqualify all scores
from a school if it is determined that the required security procedures were not followed. The
publication, reproduction, or communication of the problems or solutions of the AHSME during
the period when students are eligible to participate seriously jeopardizes the integrity of the
results. Duplication at any time via copier, telephone, eMail, World Wide Web or media of any
type is a violation of the copyright law.

Copyright () 1998, Committee on the American Mathematics Competitions
Mathematical Association of America
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Each of the sides of five congruent rectangles is labeled with an integer, as
shown above, These five rectangles are placed, without rotating or reflecting,
in positions [ through V so that the labels on coincident sides are equal.

1 I I

v v

Which of the rectangles is in position I7
(AA (BB ()¢ DOD)YD ((E)E
2. Letters A, B, C, and D represent four different digits selected from 0, 1,2,...,9.

If (A+ B)/(C + D) is an integer that is as large as possible, what is the value
of A+ B?

(A)13 (B)14 (C)15 (D)16 (E)17

3. If a,b, and c are digits for which

|
a s~
~|w p
wlo n

thena + b+ c=
(A4 (B)13 (C)yt6 (D)7 (E)18

a+b
¢

4. Define [a, b, c] to mean , where ¢ # 0. What is the value of
[[60, 30,90}, [2, 1,3], [10, 5, 15})?
(A)o (BY05s (C)1 (D)1s (E)2

5. If 21998 __ 91997 _ 91996 4 91995 _ p 91995 what is the value of k?

(A)1 (B)2 (C)3 (D)4

10. A large square is divided into a small square sur-
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6. If 1998 is written as a product of two positive integers whose difference is as
small as possible, then the difference is

(A)8 (B)15 (C)17 (D)4T (E) 93

7.1 N > 1, then {N{YNYN =
(A) N¥ (B)N® (C)N' (D)N# (E)N

8. A square with sides of length 1 is divided into two z
congruent trapczoids and a pentagon, which have
equal areas, by joining the center of the square with
points on three of the sides, as shown. Find z, the
length of the longer parallel side of each trapezoid.

W ®: o m ®]

9. A speaker talked for sixty minutes to a full auditorium. Twenty percent of the

audicnce heard the entire talk and ten percent slept through the entire talk.
Half of the remainder heard one third of the talk and the other half heard two
thirds of the talk. What was the average number of minutes of the talk heard
by members of the audience?

(A)24 (B)27 (C)30 (D)33 (E)36

rounded by four congruent rectangles as shown.
The perimeter of each of the congruent rectangles
is 14. What is the area of the large square?

(A)49 (B)64 (C)100 (D) 121  (E) 196

11. Let R be a rectangle. How many circles in the plane of R have a diameter

both of whose endpoints are vertices of R?

(A)1T (B)2 (©)4 (D)5 (E)6

12. How many different prime numbers are factors of N if

logy(logy(logs(logy N))) = 117

(A)1 (B)2 (C)3 D4 (B)7
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Walter rolls four standard six-sided dice and finds that the product of the
numbers on the upper faces is 144. Which of the following could not be the
sum of the upper four faces?

(A)l4 (B)15 (C)1l6 (D)17 (E)18

A parabola has vertex at (4, ~5) and has two z-intercepts, one positive and
one negative. If this parabola is the graph of y = az? + bz + ¢, which of a, b,
and ¢ must be positive?

(Ayonlya (B)onlyd (C)onlyc {(D)aeandbonly (E) none
A regular hexagon and an equilateral triangle have equal areas. What is the
ratio of the length of a side of the triangle to the length of a side of the

hexagon?

AYV3 (B)2 (C)vE (D)3 (E)6
The figure shown is the union of a circle and two
scmicircles of diameters @ and b, all of whose cen-
ters are collinear. The ratio of the area of the o

shaded region to that of the unshaded region is

@I ®: @ oS ®mLe

Let f(z) be a function with the two properties:

(a) for any two real numbers r and y, f(z +y) ==z + f(y), and
(b) f(0) =2

What is the value of f(1998)?

(Ao (B)2 (C)199%

(D) 1998 (E) 2000

A right circular cone of volume A, a right circular cylinder of volume M, and
a sphere of volume €' all have the same radius, and the common height of the
cone and the cylinder is equal to the diameter of the sphere. Then

(A)A-M+C=0
(D) A2—M*+C*=0

(B)A+M=C (C)2A=M+C
(E) 24+ 2M =3C

How many triangles have area 10 and vertices at (—5,0), (5, 0), and (5 cos 6, 5sin )
for some angle 67

(Ao (BY2 (C)4 (D)6 (E)S

20.

21.

22

23

24.
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Thrce cards, each with a positive integer written on it, are lying face-down on
a table. Casey, Stacy, and Tracy are told that

(a) the numbers are all different,
(b) they sum to 13, and

(c) they are in increasing order, left to right.

First, Casey looks at the number on the leftmost card and says, “I don’t have
enough information to determine the other two numbers.” Then Tracy looks at
the number on the rightmost card and says, “I don’t have enough information
to determine the other two numbers.” Finally, Stacy looks at the number
on the middle card and says, “I don’t have enough information to determine
the other two numbers.” Assume that each person knows that the other two
reason perfectly and hears their comments. What number is on the middle
card?

(A) 2

(E) There is not enough information to determine the number.

(B)3 (C)4 (D)5

In an h-meter race, Sunny is exactly d meters ahead of Windy when Sunny
finishes the race. The next time they race, Sunny sportingly starts d meters
behind Windy, who is at the starting line. Both runners run at the same
constant speed as they did in the first race. How many meters ahead is Sunny
when Sunny finishes the second race?

d d? h? d?
< £
Wi ®o ©F ML ®, 5
What is the value of the expression
1 1 1 i

+

. ?
fog, 1001 " log, 100! ' Tog, 100! T T logpee 1001

(AY0.0l (B)ol (C)1 (D)2 (E)10

The graphs of = + y* = 4 + 12z + 6y and z° + y? = k + 4z + 12y intersect
when k satisfies a < k < b, and for no other values of k. Find b — a.
(A)5 (B)68 (C) 104

(D) 140 (E) 144

Call a 7-digit telephone number dydads-d4dsded; memorable if the prefix se-
quence didads is exactly the same as cither of the sequences dqdsde or dsdedr
(possibly both). Assuming that each d; can be any of the ten decimal digits
0,1,2,...9, the number of different memorable telephone numbers is

(A) 19810  (B) 19,910 (C) 19,990 (D) 20,000 (E) 20,100
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. A piece of graph paper is folded once so that (0,2) is matched with (4,0), and
(7,3) is matched with (m,n). Find m +n.

(A)67 (B)68 (C)69 (D)7.0 (E)8D

. In quadrilateral ABC D, it is given that /A = 120°, angles B and ) are right
angles, AB =13, and AD = 46. Then AC =

(A)60  (BY62 (C)64 (D)6 (E)72

. A 9x9x9 cube is composed of twenty-seven 3 x 3 x 3 cubes. The big cube is
‘tunneled’ as follows: First, the six 3 x 3 x 3 cubes
which make up the center of each face as well as
the center 3 X 3 x 3 cube are removed as shown.
Second, each of the twenty remaining 3 x 3 x 3
cubes is diminished in the same way. That is, the
center facial unit cubes as well as each center cube

are removed.
The surface area of the final figure is

(A} 384 (B)729 (C)864 (D) 1024 (E) 1056
. In triangle ABC, angle C is a right angle and CB > CA. Point D is located
on BC so that angle CAD is twice angle DAB. If AC/AD = 2/3, then

CD/BD = m/n, where m and n are relatively prime positive integers. Find
m+n.

(A)10 (B)l14 (C)18 (D)2 (EB)26
. A point (z,y) in the plane is called a lattice point if both x and y are integers.

The area of the largest square that conlains exactly three lattice points in its
interior is closest to

(A)40 (B)42 (C)45 (D)50 (E)56

. For each positive integer n, let

~(n+9)
= (n—1)!

Let k denote the smallest positive integer for which the rightmost nonzero
digit of ax is odd. The rightmost nonzero digit of ay is

(A)1 (B)3 (C)5 (D)7 (E)9
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This Solutions Pamphlet contains at least one solution to each problem on
this year’s Examination and shows that all the problems can be solved math-
ematically without the use of calculus or a calculator. Routine calculations
and obvious reasons for proceeding in a certain way are often omitted to give
greater emphasis to the essential ideas behind each solution. When more than
one solution for a problem is provided, this is done to illustrate a significant
contrast in methods, e.g., algebraic vs geometric, computational vs concep-
tual, elementary vs advanced. These solutions are by no means the only ones
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1. (E) Only the rectangle that goes in position /I must match on both vertical
sides. Since rectangle D is the only one for which these matches exist, it must
be the one that goes in position /. Hence the rectangle that goes in position
I must be E.

oy ool v
o Q) oojoo Y

2. (E) We need to make the numerator large while making the denominator small.
The smallest the denominator can be is 0 4+ 1 = 1. The largest the numerator
can be is 9+ 8 = 17. The fraction 17/1 is an integer, s0 A + B = 17.

3. (D) The subtraction problem posed is equivalent.to the addition problem
4850
+c73
7Ta2

which is easier to solve. Since b+3 = 12, b must be 9. Since 1 + 8+ 7 has

units digit a, a must be 6. Because 1 +4+c= 7, c= 2. Hence at+b+tc:

=6+9+2=17.
4. (E) Notice that the operation has the property that, for any r,a,b, and ¢,
ra+rb

re

[ra,rb,rc] =

= [a,b,d.

Thus all three of the expressions [60,30,90],{2,1,3], and [10,5,15] have the
same value, which is 1. So [(60,30,90],[2,1,3],[10,5,15]] = [1,1,1] = 2.

5. (C) Factor the left side of the given equation:
Q1998 _ 1997 _ 91996 | 91996 _ (93 _ 92 _ 9 | ])2I9% _ 3. 91995 _ f. 1995
so k=3.

6. (C) The number 1998 has prime factorization 2 - 3% - 37. It has eight factor-
pairs: 1 x1998 = 2x 999 = 3x 666 = 6x 333 = 9x222=18x111=27x74 =
37 x 54 = 1998. Among these, the smallest difference is 54 — 37 = 17.

7.

8.

9.

10.

11.

12.
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(D) ,u\z,w\z,ﬁu ,a\i\z.z» - ,“\z,h\mwn N NE =N = NE.
OR
/NINTN = (N AEEWVJW = (N(VE- W) = b B NE = N

(D) The area of each trapezoid is 1/3, so § - 3(z + 3) = 3. Simplifying yields
T4 w =%, and it follows that z = 5/6.

OR
a b b a
S R\ R S 2§ +2R=S§+3R
R R “S=R
“b=2a
S R e+b+bta=1
~26+a=5/6

(D) Let N be the number of people in the audience. Then 0.2N people heard
60 minutes, 0.1N heard 0 minutes, 0.35N heard 20 minutes, and 0.35N heard
40 minutes. In total, the N people heard

60(0.2N) + 0(0.1V) +20(0.35N) + 40(0.35N) = 12N +0+ 7N + 14N = 33N
minutes, so they heard an average of 33 minutes each.

(A) Let z and y denote the dimensions of the four congruent rectangles. Then
2z + 2y = 14, so z +y = 7. The area of the large square is (z+yP =17 =49.

(D) The four vertices determine six possible diameters, namely, the four sides
and two diagonals. However, the two diagonals are diameters of the same
circle. Thus there are five circles.

muu:

(A) Note that N =7% , which has only 7 as a prime factor.
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13. (E) Factor 144 into primes, 144 = 2% - 3%, and notice that there are at most
two 6’s and no 5's among the numbers rolled. If there are no 6’s, then there
must be two 3’s since these are the only values that can contribute 3 to the
prime factorization. In this case the four 2’s in the factorization must be the
result of two 4’s in the roll. Hence the sum 3 + 3 +4 + 4 = 14 is a possible
value for the sum. Next consider the case with just one 6. Then there must
be one 3, and the three remaining 2’s must be the result of a 4 and a 2. Thus,
the sum 6 + 3 + 4 + 2 = 15 is also possible. Finally, if there are two 6’s, then
there must also be two 2’s or a 4 and a 1, with sums of 6 +6 +2+2 = 16 and
6+6+4+1=17. Hence 18 is the only sum not possible.

OR

Since 5 does not divide 144 and 6% > 144, there can be no 5’s and at most two
6’s. Thus the only ways the four dice can have a sum of 18 are: 4,4,4,6; 2,4,6,6;
and 3,3,6,6. Since none of these products is 144, the answer is (E).

14. (A) Because the parabola has z-intercepts of opposite sign and the y-coordinate
of the vertex is negative, @ must be positive, and ¢, which is the y-intercept, =
must be negative. The vertex has z-coordinate —b/2a = 4 > 0, so b must be
negative.

15. (C) The regular hexagon can be partitioned into six equilateral triangles, each
with area one-sixth of the original triangle. Since the original equilateral tri-
angle is similar to each of these, and the ratio of the areas is 6, it follows that
the ratio of the sides is /8.

16. (B) The area of the shaded region is

2

il a+b +AMVN W» l.\_.n+m n+v+nl~v Iin+S:

2 2 2 2/ ) 2 2 2 2 ) 4
and the area of the unshaded region is

n (atb)’ Amvfr B\ _ma+b atb b-a) _m(atbh

2 2 2 2/ ) 2 2 2 2 ) 4

Their ratio is a/b.

17. (E) Note that f(z) = f(z+0) = z+ f(0) = z+2 for any real number z. Hence
£(1998) = 2000. The function defined by f(z) = z + 2 has both properties:
fO)=2and flz+y)=z+y+2=z+@y+2)=z+ fly)

18.

19.

20.
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OR
Note that

2 = f(0) = f(—1998 + 1998) = —1998 + f(1998).

Hence f(1998) = 2000.

(A) Suppose the sphere has radius r. We can write the volumes of the three
solids as functions of r as follows:
1 2

Volume of cone = A = wﬂﬁmﬁml =3

It

M = nr(2r) = 277°, and
4

Volume of sphere = ' = wiﬁ

Volume of cylinder

Thus, A-M+C =0
Note: The AMC logo is designed to show this classical result of Archimedes.

(C) The area of the triangle is 4(base)(height) = 3 - (5 — (=5))  |5sin 8| =
25| sin 8]. There are four values of 8 between 0 and 2 for which |sin 6] = 0.4,
and each value corresponds to a distinct triangle with area 10.

OR

The vertex (5 cos 8, 5 sin 0) lies on a circle of diameter 10 centered at the origin.
In order that the triangle have area 10, the altitude from that vertex must be
2. There are four points on the circle that are 2 units from the z-axis.

(C) There are eight ordered triples of numbers satisfying the conditions:
(1,2,10),(1,3,9),(1,4,8),(1,5,7),(2,3,8),(2,4,7),(2,5, 6), and (3,4,6). Be-
cause Casey’s card gives Casey insufficient information, Casey must have scen
a1 ora?2 Next, Tracy must not have seen a 6,9, or 10, since each of these
would enable Tracy to determine the other two cards. Finally, if Stacy had
seen a 3 or a 5 on the middle card, Stacy would have been able to determine
the other two cards. The only number left is 4, which leaves open the two
possible triples (1,4,8) and (2,4,7).
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22.

23.

24.
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(C) Let r be Sunny’s rate. Thus h and htd
to cover h meters and A +d Emgn% nmmvmoaﬂ«m_%. Because Windy covers only
h - d meters while Sunny is covering & meters, it follows that Windy’s rate is
@H_E. While Sunny runs A + d meters, the number of meters Windy runs
. (h-dr htd L d?

is W —= h— e Sunny’s victory margin over Windy is e

are the times it takes Sunny

(C) Express each term using a base-10 logarithm, and note that the sum equals
log 2/ log 100! + log 3/ log 100! + - - - + log 100/ log 100! = log 100!/ log 100! = 1.

OR

Since 1/log, 100! equals log ok for all positive integers k, the expression
equals log,g(2- 3 - +++ - 100) = log; 40 100! = 1.

(D) Complete the squares in the two equations to bring them to the form

(z-62+@w-32=7 and (z-27%+(y-6)"=k+40.

The graphs of these equations are circles. The first circle has radius 7, and
the distance between the centers of the circles is 5. In order for the circles to
have a point in common, therefore, the radius of the second circle must be at
least 2 and at most 12. It follows that 22 < k440 < 122, or —36 < k < 104.
Thus b — a = 140.

(C) There are 10,000 ways to write the last four digits dsdsded7, and among
these there are 10000 — 10 = 9990 for which not all the digits are the same.
For each of these, there are exactly two ways to adjoin the three digits dydads
to obtain a memorable number. There are ten memorable numbers for which
the last four digits are the same, for a total of 2 - 9990 + 10 = 19990.

OR
Let A denote the set of telephone numbers for which dd»ds and dsdsde are
identical and B the set for which d;dydj is the same as dsdeds. A number
dyd;ds-dqdsdeds belongs to ANBifandonly ifd; = dy =ds =dy =de =ds =
dy. Hence, n(AN B) = 10. Thus, by the Inclusion-Ezclusion Principle,

n{AU B) = n(A) + n(B) —n(AN B) =10°-1-10+10%-10 - 1 — 10 = 19990.

25.

26.
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(B) The crease in the paper is the perpendicular bisector of the segment that
joins (0,2) to (4,0). Thus the crease contains the midpoint (2,1) and has slope
2, so the equation y = 2z —3 describes it. The segment joining (7,3) and (m,n)

7 3
must have slope Iw, and its midpoint AIHWHG, M:v must also satisfy the
equation y = 2z — 3. It follows that
_l_n=3 0 u+:um.q+|5|u.mo
2 m-7 2 2
2n +m =13 and n—2m =35

Solve these equations simultaneously to find that m = 3/5 and n = 31/5, so
that m +n = 34/5 = 6.8.
OR

As shown above, the crease is described by the equation y = 2z --3. Therefore,
the slope of the line through (m,n) and (7,3) is —1/2, so the points on the line
can be described parametrically by (z,y) = (7 —2t,3+ ). The intersection of
this line with the crease y = 22 — 3 is found by solving 3 + t = 2(7 — 2t) - 3.
This yields the parameter value t = 8/5. Since ¢ = 8/5 determines the point
on the crease, use ¢ = 2(8/5) to find the coordinates m = 7 — 2(16/5) = 3/5
and n = 3+ (16/5) = 31/5.

(B) Extend DA through A and CB through B and denote the intersection by
E. Triangle ABE is a 30°-60°-90° triangle with
AB = 13, so AE = 26. Triangle CDE is also
a 30°-60°-90° triangle, from which it follows that
CD = (46 + 26)/v3 = 24V3. Now apply the 2
Pythagorean Theorem to triangle CDA to find

that AC = /462 + (24/3)2 = 62.

OR

Since the opposite angles sum to a straight angle, the quadrilateral is cyclic,
and AC is the diameter of the circumscribed circle. Thus AC is the diameter
of the circumcircle of triangle ABD. By the Eztended Law of Sines,

BD  BD
sin120°0 /372
We determine BD by the Law of Cosines:

AC =

BD*=13*+46°4+2-13-46- W =2883 = 3-31%, so BD = 31V3.
Hence AC = 62.
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(E) After step one, twenty 3 X 3 x 3 cubes remain, eight of which are corner
cubes and twelve of which are edge cubes. At this stage each 3 x 3 x 3 corner
cube contributes 27 units of area and each 3 x 3 x 3 edge cube contributes 36
units of area. The second stage of the tunneling process takes away 3 units of
area from each of the eight 3 x 3 x 3 corner cubes (1 for each exposed surface),
but adds 24 units to the area (4 units for each of the six 1 x 1 center facial
cubes removed). The twelve 3 x 3 x 3 edge cubes each lose 4 units but gain
94 units. Therefore, the total surface area of the figure is

8- (27— 3+ 24) +12- (36 — 4 + 24) = 384 + 672 = 1056.

(B) Let E denote the point on BC for which AE bisects LCAD. Because
the answer is not changed by a similarity transformation, we may assume that
AC = 2v/5 and AD = 3v/5. Apply the Pythagorean Theorem to triangle ACD
to obtain CD = 5, then apply the Angle Bisector Theorem to triangle CAD to
obtain CF =2 and ED = 3. Let z = DB. Apply the Pythagorean Theorem
to triangle ACE to obtain AE = +/24, then apply the Angle Bisector Theorem
to triangle EAB to obtain AB = (2/3)v24. Now apply the Pythagorean
Theorem to triangle ABC to get

(2VE)? + (z +5)* = @,\ﬁ% .

from which it follows that z = 9. Hence BD/DC = 9/5, and m +n = 14.

SOLUTIONS 1998 AHSME 9

OR

Denote by a the measure of angle CAE. Let AC = 2u, and AD = 3u. It
follows that CD = v/5u. We may assume BD =

V5. (Otherwise, we could simply modify the tri- B
angle with a similarity transformation.) Hence,
the ratio CD/BD we seek is just u. Since cos2a =
2/3, we have sina = 1/v/6. Applying the Law of
Sines in triangle ABD yields

sinD _ sina _ 2/3
AB T 5

_1VE
U .

(2u)? + (VB(L + u))?

Solve this for u to get

2/5VE = 3y4u? +5(1 + 2u + u?)
120 = 9(9u® +10u+5)
0 = 27u* +30u—25
0 = (9u—5)3u+5)

sou=>5/9and m+n = 14.

OR

Again, let a = LC AE. We are given that cos 2a = 2/3 and we wish to compute

cD _ AC tan2a _(tan3a 1 -t
BD ~ AC(tan3e —tan2a) A - v ’

tan 2a

Let y = tan a. Trigonometric identities yield (upon simplification)

ﬁwswn Lm@lu@uv w _qu
tenda Hv A=) 2 el
A:E? Urgp 24 gmes2e=i1a

Thus y? = 1/5 and
CD 21-3/5) 5

BD "~ T (6/52 9

Alternatively, starting with a = cos™'(2/3)/2, electronic calculation yields
tan(3a)/ tan(2a) = 2.8 = 14/5, so CD/BD = 5/9.
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29. (D) If a square encloses three collinear lattice points, then it is not hard to

see that the square must also enclose at least one additional lattice point. It
therefore suffices to consider squares that enclose only the lattice points {0,0),
(0,1), and (1,0). If a square had two adjacent sides, neither of which contained
a lattice point, then the square could be enlarged slightly by moving those
sides parallel to themselves. To be largest, therefore, a square

must contain a lattice point on at least two non-

adjacent sides. The desired square will thus have

parallel sides that contain (1,1) and at least one of

(~1,0) and (0, —1). The size of the square is de-

termined by the separation between two parallel

sides. Because the distance between parallel lines

through (1,1) and (0,—1) can be no larger than

V5, the largest conceivable area for the square is

5. To see that this is in fact possible, draw the

lines of slope 2 through (~1,0) and (1, 1), and

the lines of slope —1/2 through (1,1) and (0, —1).

These four lines can be described by the equations

y=2c+2 y=2r~3,2y+z =23, and 2y + z = -2, respectively. They
intersect to form a square whose area is 5, and whose vertices are (~1/5,8/5),
(9/5,3/5), (4/5,=17/5), and (—6/5,—2/5). There are only three lattice points
inside this square.
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30. (E) Factor a, as a product of prime powers:

an =n(n+1)(n+2) - (n+9)=2%325%....

Among the ten factors n,n+1,...,n+9, five are even and their product can be
written 2°m(m + 1)(m +2)(m +3)(m +4). If m is even then m{m +2)(m +4)
is divisible by 16 and thus e; > 9. If m is odd, then ¢; > 8. If &1 > e,
then the rightmost nonzero digit of ¢, is even. If ¢; < €3, then the rightmost
nonzero digit of a, is odd. Hence we seek the smallest n for which e; > &.
Among the ten numbers n,n + 1,...,n + 9, two are divisible by 5 and at
most one of these is divisible by 25. Hence e3 > 8 if and only if one of
n,m+1,...,n + 9 is divisible by 57. The smallest n for which a, satisfies
e > 8 is thus n = 57 — 9, but in this case the product of the five even
numbers among n,n + 1,...,n + 9 is 2°m(m + 1)(m + 2)(m + 3)(m + 4)
where m is even, namely (57 — 9)/2 = 39058. As noted earlier, this gives
e; > 9. For n = 57 — 8 = 78117, the product of the five even numbers among
non+1,...,n+9is 2m(m + 1)(m + 2)(m + 3)(m + 4) with m = 39059.
Note that in this case e; = 8. Indeed, 39059 + 1 is divisible by 4 but not
by 8, and 39059 + 3 is divisible by 2 but not by 4. Compute the rightmost
nonzero digit as follows. The odd numbers among n,n + 1,...,n + 9 are
78117,78119,78121,78123,78125 = 57 and the product of the even numbers
78118, 78120, 78122, 78124, 78126 is 2° - 39059 - 39060 - 39061 - 39062 - 39063 =
2539059 - (2% - 5 - 1953) - 39061 - (2 - 19531) - 39063. (For convenience, we
have underlined the needed unit digits.) Having written n(n + 1)+ (n +9)
as 2858 times a product of odd factors not divisible by 5, we determine the
rightmost nonzero digit by multiplying the units digits of these factors. It
follows that, for n = 57 — 8, the rightmost nonzero digit of @, is the units digit
of 7-9-1-3:9.3-1-1-3=(9:9):(7-3)-(3-3), namely 9.




