2010 AIME2 – Solutions
Problem 1
If we include all the even digits for the greatest integer multiple, we find that it is impossible for it to be divisible by 


, therefore by 

as well. The next logical try would be 

, which happens to be divisible by 

. Thus 


************************************************************************************
Problem 2
Any point outside the square with side length 

that have the same center as the unit square and inside the square side length 

that have the same center as the unit square has 

. 




Since the area of the unit square is 

, the probability of a point 

with 

is the area of the shaded region, which is the difference of the area of two squares 




Thus, the answer is 


***************************************************************************************
Problem 3
In general, there are 

pairs of integers 

that differ by 

because we can make 

anyway from 

to 

and make 
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. 

Thus, the product is 

(some people may recognize it as 

.) 

When we count the number of factors of 

, we have 4 groups, factors that are divisible by 

at least once, twice, three times and four times. 

Number that are divisible by 

at least once: 


Exponent corresponding to each one of them 


Sum 


Number that are divisible by 

at least twice: 


Exponent corresponding to each one of them 


Sum 


Number that are divisible by 

at least three times: 


Exponent corresponding to each one of them 


Sum 


Number that are divisible by 

at least four times: 


Exponent corresponding to each one of them 


Sum 


summing all this we have 


*************************************************************************************
Problem 4
There are 

potential gate assignments. We need to count the valid ones. 

Number the gates 

through 

. Gates 

and 

have four gates within 

feet. Gates 

and 

have five. Gates 

and 

have six. Gates 

and 

have have seven. Gates 

through 

have eight. 

Therefore, the number of valid gate assignments is 

. 



. 

Answer: 

. 

**************************************************************************************
Problem 5
Using the properties of logarithms, 

by taking the log base 10 of both sides, and 

by using the fact that 

. 

Through further simplification, we find that 

. It can be seen that there is enough information to use the formula 

, as we have both 

and 

, and we want to find 

. 

After plugging in the values into the equation, we find that 

is equal to 

. 

However, we want to find 

, so we take the square root of 

, or 

. 

Problem 6
There are 2 ways for a monic fourth degree polynomial to be factored, into a cubic and a linear equation, or 2 quadratics. 


Case 1) cubic and linear 

Let 

be the linear equation (it must contain one root of the quatic) 

and 

be the cubic. 

By rational roots theorem, 

, or 





So 

, 

, 



, and 

. 

So 

, 

, or 

, which reach minimum when 

, where 


Case 2) 2 quadratic 

Let 

and 

be the two quadratics, 




Therefore, we have 



, 

, 


and 

. 



,hence the only possible values for (b,d) are (1,63) and (7,9). From this we find that the possible values for n are 

and 

. Therefore, the answer is 

. 

***************************************************************************************
Problem 7
set 

, so 

, 

, 

. 

Since 

, the imaginary part of a,b,c must be 0. 

Start with a, since it's the easiest one to do: 


and therefore: 

, 

, 


now, do the part where the imaginary part of c is 0, since it's the second easiest one to do: 

, the imaginary part is: 

, which is 0, and therefore x=4, since x=0 don't work 

so now, 


and therefore: 

, and finally, we have 

. 

*************************************************************************************

Problem 8
Let us partition the set 

into 

numbers in 

and 

numbers in 

, 

Since 

must be in 

and 

must be in 

(

, we cannot partition into two sets of 6 because 

needs to end up somewhere, 

or 

either) 


We have 

ways of picking the numbers to be in 

. 

So the answer is 


*********************************************************************************

Problem 9





Let 

be the intersection of 

and 

 and 

be the intersection of 

and 

.   Let 

be the center. 

Solution 1
Let 


Note that 

is the vertical angle to an angle of regular hexagon, thus, it is 

. 

Because 

and 

are rotational images of one another, we get that 

and hence 

. 

Using a simlar argument, 

. 




Applying law of cosine on 

, 














Thus, answer is 


Solution 2
Let's coordinate bash this out. 

Let 

be at 

with 

be at 

, 

then 

is at 

, 



is at 

, 



is at 

, 







Line 

has the slope of 

and the equation of 


Line 

has the slope of 

and the equation 


Let's solve the system of equation to find 




















Thus, answer is 


**************************************************************************
Problem 10
Solution 1
Let 

. Then 

. First consider the case where 

and 

(and thus 

) are positive. There are 

ways to split up the prime factors between a, r, and s. However, r and s are indistinguishable. In one case, 

, we have 

. The other 

cases are double counting, so there are 

. 

We must now consider the various cases of signs. For the 

cases where 

, there are a total of four possibilities, For the case 

, there are only three possibilities, 

as 

is not distinguishable from the second of those three. Thus the grand total is 


Solution 2
Burnside's Lemma: 

The answer is 

-- it is group action of 

. 
********************************************************************************

Problem 11
The T-grid can be consider as a tic-tac-toe board: five 

's and four 

's. 

There are 

ways to fill the board with five 

's and four 

's. Now we need to subtract the number of bad grids. 

Let three-in-a-row/column/diagonal be a "win" and let player 

be the one that fills in 

and player 

fills in 

. 

Case 

: Each player wins once. 

If player takes a diagonal, the other cannot win, and if either takes a row/column, all column/row are blocked, so they either both take a row or both take a column. 

1. Both takes a row: 

· 

ways for player 

to pick a row, 

· 

ways for player 

, 

· 

ways for player 

to take a single box in the remaining row. 

There are 

cases. 

2. Both takes a column: Using the similar reasoning, there are 

cases. 

Case 

: 

cases 

Case 

: Player 

wins twice. 

1. A row and a column 

· 

ways to pick the row, 

· 

to pick the column. 

There are 

cases 

2. A row/column and a diagonal 

· 

ways to pick the row/column, 

· 

to pick the diagonal. 

There are 

cases 

3. 2 diagonals It is clear that there is only 

case.

Case 

total: 


Thus, the answer is 


*******************************************************************************

Problem 12
Let the first triangle has side lengths 

, 

, 

, 

and the second triangle has side lengths 

, 

, 

, 

where 

. 


Equal perimeter: 




Equal Area: 




Since 

and 

are integer, the minimum occurs when 

, 

, and 


Perimeter 


************************************************************************************
Problem 13
Clearly 

is a quadratic centered at 

. 

Once the two cards are drawn, there are 

ways for the other two people to draw. 

Alex and Dylan are the team with higher numbers if Blair and Corey both draw below 

, which occurs in 

ways. 

Alex and Dylan are the team with lower numbers if Blair and Corey both draw above 

, which occurs in 

ways. 

Thus, 


We can look at 

as 


So we need 


Let 










or 

, So 

or 

, so 

or 


And we'll find 


Answer: 


*********************************************************************************
Problem 14
Label the center of the circumcircle of 

as 

and the intersection of 

with the circumcircle as 

. It now follows that 

. Hence 

is isosceles and 

. 

Denote 

the projection of 

onto 

. Now 

. By the pythagorean theorem, 

. Now note that 

. By the pythagorean theorem, 

. Hence it now follows that, 




This gives that the answer is 

. 

**********************************************************************************
Problem 15






