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1. DO NOT OPEN THIS BOOKLET UNTIL TOLD TO DO SO BY YOUR
PROCTOR.

2. This is a 15-question, 3-hour examination. All answers are integers ranging
from 000 to 999, inclusive. Your score will be the number of correct answers;
i.e., there is neither partial credit nor a penalty for wrong answers.

3. No aids other than scratch paper, graph paper, ruler, compass, and protractor
are permitted. In particular, calculators are not permitted.

4. A combination of the AIME and the American Mathematics Contest =10 or
the American Mathematics Contest =12 scores are used to determine eligibility
for participation in the U.S.A. Mathematical Olympiad (USAMO). The
USAMO will be given on TUESDAY, May 2, 2000.

5. Record all of your answers, and certain other information, on the AIME answer
form. Only the answer form will be collected from you.

The publication, reproduction, or communication of the problems or solutions of the
AIME during the period when students are eligible to participate, seriously jeopardizes
the integrity of the results. Duplication at any time via copier, telephone, email, world
wide web, or media of any type is a violation of the copyright law.
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Given a function f for which
Flz) = F(398 — x) = £(2158 — z) = f(3214 — 2)

holds for all real z, what is the largest number of different values that can
appear in the list £(0), (1}, f(2), ..., £(999)?

In the middle of a vast prairie, a fire truck is stationed at the intersection of
two perpendicular straight highways. The truck travels at 50 miles per hour
along the highways and at 14 miles per hour across the prairie. Consider
the set of points that can be reached by the fire truck within six minutes.
The area of this region is m/n square miles, where m and n are relatively
prime positive integers. Find m + n.

In triangle ABC, it is given that angles B and C are congruent. Points P
and @ lie on AC and AB, respectively, so that AP = PQ = QB = BC.
Angle ACB is r times as large as angle APQ), where r is a positive real
number. Find the greatest integer that does not exceed 1000r.

A stack of 2000 cards is labeled with the integers from 1 to 2000, with
different integers on different cards. The cards in the stack are not in
numerical order. The top card is removed from the stack and placed on the
table, and the next card in the stack is moved to the bottom of the stack.
The new top card is removed from the stack and placed on the table, to the
right of the card already there, and the next card in the stack is moved to
the bottom of the stack. This process — placing the top card to the right
of the cards already on the table and moving the next card in the stack to
the bottom of the stack — is repeated until all cards are on the table. It
is found that, reading from left to right, the labels on the cards are now in
ascending order: 1, 2, 3, ..., 1999, 2000. In the original stack of cards, how
many cards were above the card labeled 19997
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. The diagram shows a rectangle
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. Find the least positive integer n such that no matter how 10" is expressed

as the product of two positive integers, at least one of these two integers
contains the digit 0.

. Let u and v be integers satisfying 0 < v < u. Let A = (u,v), let B be the

reflection of A across the line y = 2, let C be the reflection of B across
the y-axis, let D be the reflection of C' across the z-axis, and let E be the
reflection of D across the y-axis. The area of the pentagon ABCDE is 451.
Find u + v.

In the expansion of (az + 5)2°%°, where a and b are relatively prime positive
integers, the coefficients of z2 and z° are equal. Find a + b.

that has been dissected into nine
non-overlapping squares. Given
that the width and the height of
the rectangle are relatively prime T
positive integers, find the perime-
ter of the rectangle.

Each of two boxes contains both black and white marbles, and the total
number of marbles in the two boxes is 25. One marble is taken out of each
box randomly. The probability that both marbles are black is 27/50, and
the probability that both marbles are white is m/n, where m and n are
relatively prime positive integers. What is m + n?

10.

11
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For how many ordered pairs (z,y) of integers is it true that 0 < z < y < 108
and that the arithmetic mean of z and y is exactly 2 more than the geometric
mean of z and y?

Suppose that z, y, w_.a 2 are threc positive numbers that satisfy the equa-
1 1
o= 5,and y + P 29. Then z + — = B, where m and

. . S y n
n are relatively prime positive integers. Find m + n.

tions zyz = 1,z +

A container in the shape of a right circular cone is 12 inches tall and its
base has a 5-inch radius. The liquid that is sealed inside is 9 inches deep
when the cone is held with its point down and its base horizontal. When the
cone is held with its point up and its base horizontal, the liquid is m — nyp
inches deep, where m, n, and p are positive integers and p is not divisible
by the cube of any prime number. Find m + n + p.

The system of equations

log;4(2000zy) — (logio #)(logyg ¥)
log;o(2yz) — (logyo y)(logyg 2)
logyo(22) — (logyq 2)(logig @) =

4
1
0
has two solutions (1, 41,21) and (22,2, 22). Find y1 + y2.

A sequence of numbers 1, 29, 3, ..., Z100 has the property that, for every
integer k between 1 and 100, inclusive, the number z; is k less than the
sum of the other 99 numbers. Given that 259 = m/n, where m and n are
relatively prime positive integers, find m + n.

Let S be the sum of all numbers of the form a/b, where a and b are relatively
prime positive divisors of 1000. What is the greatest integer that does not
exceed §/107
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{Answer: 927)

Run the process backwards. Start by picking up the card labeled 2000. Next pick up the
card labeled 1999, place it on the top of the stack, and bring the bottom card to the top
of the stack. Next pick up the card labeled 1998, place it on top of the stack, and bring
the bottom card to the top of the stack. The card labeled 1999 is now at the top of a
three-card stack. Notice that the top card of an m-card stack will become the top card of
a 2m-card stack after m more cards have been picked up (and m cards have been moved
from the bottom of the stack to the top). It follows by induction that the card labeled
1999 is the top card when the number of cards in the stack is 3 - 2% for any nonnegative
integer k that satisfies 3- 2¥ < 2000. In particular, the last time that this happens is just
after 3-29 = 1536 cards have been picked up. The cards remaining on the table are labeled
1 through 464. After cach of the cards labeled 464, 463, ..., 2 is picked up and placed on
top of the stack, another card is brought from the bottom of the stack to the top. Finally,
the card labeled 1 is placed on top of the stack and the stack is in its original state. This
puts 2463 + 1 = 927 cards on top of the card labeled 1999.

OR

Because the process causes the cards on the table to appear in ascending order, the card
labeled 1999 is the next-to-last card placed ou the table. To keep track of that card, first
notice that, when a stack of 2™ cards is dealt in this way, the next-to-last card placed
on the table begins at position 2™~! in the stack; then apply the process to a stack of
211 = 2048 cards. After 48 of the cards have been placed on the table and 48 more cards
have been moved from the top of the stack to the bottom, a 2000-card stack remains.
Remove the cards that are on the table. The next-to-last card that will be placed on the
table from the 2000-card stack is the card that began at position 1024 in the 2048-card
stack. The position of that card in the 2000-card stack is 1024 — (48 + 48) = 928, so the
number of cards above it is 927,
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1. (Answer: 008) 4. (Answer: 260)

The number 10" ran be expressed as the product of 2" and 57, neither of which contains Let a and b be the lengths of the sides of the two smallest squares, with @ < b. In the

the digit 0 for » < 7. Since 5% = 380625, and all other pairs of positive integers whose diagram below. each square has been labeled with the length of its sides.

product is 10* contain at least one trailing 0, the requested value of n is 8.

2. (Answer: 021) 3a+2b

It follows from the problem statement that the coordinates of A, B, C', D, and E are 5a + 3b

A=(uwrv).B=(v.u),C=(—ru),D= —u), and E = (v, ~u). The pentagon can be da+4b

partitioued into rectangle BCDE and triangle ABE, whose areas are 2u - 2v = 4u» and

wmi:\ = u* - uv. so ) 2q+blath

@
Area( ABCDE) = 4uv + u® — uv = u(3v + u). b
Thus «(3v + v) = 451 = 11 - 41. Because 0 < v < u, it follows that v = 11, 3v + 11 = 41,
¢=10,and v + v =21
8a + 4b 4a + 5b
C. o B
The length 13a + 7b of the left side of the rectangle is equal to the length 8a + 9b of the
right side. so 5a = 2b. This implies that there is a positive number # for which a = 2t and
b = bt. Thus the width-to-height ratio for the rectangle is 12a+ 9% = s _ @ Because
8a+ 9b 61t 61
the dimensions of the rectangle are relatively prime positive integers, they must be 69 and
61. Therefore the perimeter is 2(69 + 61) = 260.
5. (Answer: 026)
Suppose that the first hox has by marbles, by of which are black, and that the second bhox
D E . has ko marbles. by of which are black. Without loss of generality, assume that ky < ks

Thus ky + ky = 25 and (by k() - (ba/k2) = 27/50, so 50bby = 2Tk, ky. The latter equation

implies that 5 divides either ki or ky. Because ki + k2 = 25, both k; and k» must be

divisible by 5. One possibility is that b = 5 and ks = 20, in which case biby = 54, so

by = 3 and by = 18. because by < ky and by < ko. In this case, the probability of obtaining

two white marbles is (2/5) « (2/20) = 1/25. The only other possibility is that ky = 10

2000 - 1999 - 1998 5, 1007 and ky = 15, in which case bjb; = 81. so by and by must each be 9. The probability of
@b obtaining two white marbles is (1/10) - (6/15) = 1/25 in this case too. Hence m +n = 26,

3. (Answer: 667)
The problem statement implies that

2000 - 1999 , 1998
SRR b = 3.2.1

This is equivalent to b = 666¢. Because ¢ and b have no common divisors greater than 1,
it follows that « = 1, b = 666. and « + b = 667.
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(Answer: 997)

From
r+y

AR ]

it follows that
r+y-2/Fy=4
(Vi—Va)=4, and
Vi—yVT=2

Because y = (2+ /7 )? = r+ 444/ is an integer, it follows that 4,/Z must be an integer.
Consequently 16 is a perfect square, and /7 is an integer. From (2++/7 )2 < 105, it follows
that /7 < 998. Thus the 997 solutions are (&,y) = {n?, (n +2)?), forn = 1,2,...,997.

{Answer: 005)
Notice that

m A HVA VVA wv
529 —={ut+-Jly+-)lz+-
n z z y

1 1 1 1
ey tort+-—+y+ -+t -+ —
S x .ﬁ ryz

up+u+wo+w_+_.

1
Thus 144 - 2 = 36, s0 that D andmtn=5
n n 4
OR
Because 1 1
S=u+ .Hh~+.~.QHL.+&Amwllv =30z — 1,
z z
1 3 1 5 1 1
it follows that & = 3 y=24and z = «lww Thus z + M =5 + Eyairy

(Answer: 052)
When the conc is held point down, the liquid in the container forms a cone that is similar to

4
the volume of the container. When the cone is held point up, the air in the container forms

. P S AN
the container, the ratio of similarity being re Thus the volume of the liquid is A\v times

3
. . 3 37 .
a cone whose height is A and whose volume is 1 — A\v = —— times the volume of the

4/ " 64
. o 37 B s ns
container. Because the cone of air is similar to the container, el TTY soh®=3"-37. It

follows that the depth of the liquid is 12—k = 12—3/37. Thus m+n+p = 1243437 = 52.

10.

11
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{Answer: 025)

Let u = log,g &, v = log,g y. and w = log;y =. The given equations can be rewritten as

e —u —~v+1=logy2
—w+1
wi—w—u+1

?

logyo 2
L,

It

and then as
(v —1)(v —1) =logy, 2
(v —1)(w —1) =log,g 2
(w—1)(n—1)=1.

It follows from the first two cquations that v = w, and the third cquation then implies
that = w = 2 or « = « = 0. In the first case, v = logg 20, so z; = 100, y, = 20,
and z; = 100. In the second case, r = logs 5, so wa = 1, y, = 5, and z3 = 1. Thus
oty =25

(Answer: 173)
Lot S =) 4 03+ 034 -+ ri00. 50 2 = (S — 14) — k for all integers k between 1 and
100. inclusive. Thus k& + 2r; = § for all such k. Summing these equations for k=1, 2, 3,
..., 100 yields

100 - 101
—5— 125= 1005,
o595 _ -
from which § = UM% follows. Thus &5 = ﬁ = M‘M, and m +n = 173.

(Answer: 248)
Because 1000 = 2°32, each a/b way be written in the form 2™5?, where —3 < < 3 and
—3 < n < 3. It follows that each a/b appears exactly once in the expansion of

(@427t 4 2242 (57 4572 b 457+ 57

19531 437 s 437
. = 2480 — =24 .
* To00° 8+ Toa0o

Thus S = =
e 125 1000° *° 10

2-1
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(Answer: 177)
From the given identities f(a) = f(398 —z), f(z) = f(2158 — =z
derive the following identities:

and f(z) = f(3214 — x),

F2) = F(2158 —x) = F(3214 — (2158 — 7)) = F(1056 + z),
fle) = F1056 4 £) = F(2158 — (1056 + x)) = F(1102 — x),
Flr) = £(1036 + 2) = F(1102 — (1056 + z)) = f(46 — ), and
Jle) = f146 — 2) = (398 - (46 — 2)) = f(352+ =

It follows from the last identity that f is periodic, and that the period of f divides 352.
Thus every value in the list is found among £(0), f(1), ..., f(851). The identity f(z) =
f(398 — x) implies that f(200). f(201), ..., f(351) are found among f(0), f(1), ...,
£(199). and the identity f(x) = f(46 — r) implies that f(0), f(1), ..., f(22) arc found
among f(23), f(24). ..., f(199). Thus there can be at most 177 different values in the
list. To see that the values f{23), f(24). ..., f(199) can be distinct, consider the function
flz) = cos A%: — 23)), whose argument is interpreted in degrees. It is routine to verify
the required identities f{z) = f(398 — z), f(z) = f(2158 — ), and f(z) = f(3214 — z},
and to see that 1 = f(23) > f(24) > f(25) > - > f(199) = —1.

(Answer: 731)
Set up a coordinate
incide with the highways. The points that can be

reached within six minutes lie on or within cir-

cles of radius 14 (g5 —t) = { — 14t centered at

points (£50¢,0) or (0, £50¢) on the axes, where

0<t < &, The radius r of each circle is thus D
linearly related to ¢, the distance from its center  E

to the :H..mmm: 0O = (0,0); namely r = m — %P
or r = 5¢(5 — ¢). Given any one of »rw circles F
centered on the positive w-axis, ;5= = 3¢ is the

sine of the angle formed by the r-axis and a tan-

gent drawn from A = (5,0). It follows that these

circles share two common external tangent lines,

and that the region in question is a nonconvex

octagon ABCDEFGH. where B is in the first quadrant. Notice that B is on the line

y = 2, which is one of the four axcs of symmetry of the region. An equation for the

common external tangent AB is 7r + 24y = 35, because tan LOAB = W Set r =y

to find that B = AW .:V. The arca of ABCDEFGH is 8 times the area of OADB, or
1 35 700

8- 3 -5 .wM =37 Thus m +n = 731.

em in which the axes co-

C
/%//
o] 7 A
w&
G

14.
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(Answer: 571)

Let r denote the degree measure of angle QPB. Be-
cause angle AQP is exterior to isosceles triangle BQP,
its measurc is 2. and angle PAQ has the same mea-
sure. Because angle BPC is exterior to triangle BPA,
its measure is 3r. Let y denote the measure of angle
PBC. It follows that the measure of angle ACB is
o + y, and that 4x + 2y = 180. Two of the angles of
triangle AP(Q) have measure 2r, and thus the measure P
of angle APQ is 2y. It follows that AQ = 2- AP-sin y.

Because AB = AC and AP = @B, it also follows that

AQ = PC. Now apply the Law of Sines to triangle

PBC to find that

sin 3r mw: y ME y 1
BC ~ PC " 2-AP-siny 2.-BC’
Q
because AP = BC. Hence sin 3r = w This and
4r < 180 imply that 3r = 30 and x = 10. Thus
10 + 7
y=70andr = ‘mlﬁi% =2 0 10000 = 571+ w
D C
OR

Let u = LACB = ZABC. Then LA = LAQP = 180 — 2u, LAPQ = 4u — 180, LQBP =
LQPB =90~ u. LBQC = (BCQ =90 — Lu, LCQP = $u—90, and LQCP = 3u —90.
Apply the Law of Sines to triangles APQ and C'PQ to obtain

sin(de —180) _ AQ _ PC _ sin{fu - 90)
sin(180 — 2u) ~ AP~ PQ  sin(lu-90)"

This is equivalent to
B 5
—sindu _ cosyu
i:m: com w

’
u

or ~2cos 2u cos mm = cos w:. Use the identity 2cosacosd = cos{ar — 8) + cos(a + 8) to
obtain cos Zu + cos Ju + cos M: = 0. and then again to obtain 2 cos 3u cos 3u + cos u = 0.
This implies that cos 3u = — 5. so that « = 40 or v = 80. Because 4u must be greater than

180, it follows that u = 80. Thus /APQ = du — 180 = 140 and r = 4/7, as above.




